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This document contains details about data structures and algorithms of the PBES Library of the mCRL2
toolset.

1 Definitions

Parameterised Boolean Equation Systems (PBESs) are empty (denoted €) or finite sequences of fixed point
equations, where each equation is of the form (uX(d:D) = ¢ or (vX(d:D) = ¢. The left-hand side of each
equation consists of a fized point symbol, where p indicates a least and v a greatest fixed point, and a sorted
predicate variable X of sort D — B, taken from some countable domain of sorted predicate variables X.
The right-hand side of each equation is a predicate formula as defined below.

Definition 1 Predicate formulae ¢ are defined by the following grammar:
pu=b| X(e)| p|oDd|Qd:D. ¢

where @ € {A,V,=}, Q € {V,3}, b is a data term of sort B, X is a predicate variable, d is a data variable
of sort D and e is a vector of data terms.

The set of predicate variables that occur in a predicate formula ¢, denoted by occ, is defined recursively
as follows, for any formulae ¢, @,:

occ(b) =der 0 occ(X(e)) =defr {X}
occ(¢y B ¢y)  =dey 0cc(¢q) U occ(epy) occ(Qd : D. ¢1) =ges 0occ(y).

Extended to equation systems, occ(&) is the union of all variables occurring at the right-hand side of equations
in £. Likewise, the set of predicate variable instantiations that occur in a predicate formula ¢ is denoted by
iocc, and is defined recursively as follows

iocc(b) =des iocc(X (e)) =ger {X(e)}
iocc(¢y B ¢y)  =dey i0cc(d;) Uiocc(opy) iocc(Qd : D. ¢;) =qcy iocc(¢y).

For any equation system &, the set of binding predicate variables, bnd(£), is the set of variables occurring
at the left-hand side of some equation in £. Formally, we define:

bnd(e) =g 0 bnd((0X (d:D) = ¢) €)  =agey bnd(E) U {X}
occ(e) =qes occ((0X(d:D) = ¢) £) =gy 0cc(€E) Uocc(e).

Let dvar(d) be the set of free data variables occurring in a data term d. The function dvar is extended to
predicate formulae using

dvar(X(e)) =ge dvar(e) dvar(Qd : D. ¢;) =gqey dvar(¢,) \ dvar(d).
dvar(¢; ® ¢y)  =acs dvar(¢;) Uiocc(gy).



The set of freely occurring predicate variables in £, denoted pvar(&) is defined as occ(€) \ bnd(€). An
equation system & is said to be well-formed iff every binding predicate variable occurs at the left-hand side
of precisely one equation of £. We only consider well-formed equation systems in this paper.

An equation system & is called closed if pvar(£) = () and open otherwise. An equation (¢ X(d: D) = ¢),
where o denotes either the fixed point sign p or v, is called data-closed if the set of data variables that occur
freely in ¢ is contained in the set of variables induced by the vector of variables d. An equation system is
called data-closed iff each of its equations is data-closed.

Definition 2 Action formulae « are defined by the following grammar:

az=b|-a|a®a|Qd:D.a|a(d) ] at

where ® € {A,V,=}, Q € {V,3}, b is a data term of sort B, X is a predicate variable, d is a data variable
of sort D and a is an action label.

Definition 3 State formulae ¢ are defined by the following grammar:
bi=b| X(e) | ~6 | 606 | Qd:D. 6| ()6 | [alé | A|AW) | V| V() | 0X(d:D =)

where ® € {\,V,=}, Q € {V,3}, 0 € {u, v}, bis a data term of sort B, X is a predicate variable, d is a
data variable of sort D and e is a vector of data terms and « is an action formula.



1.1 Monotonicity

Definition 4 A state formula is called monotonous if it can be rewritten such that propositional variables
are not inside the scope of a negation or an implication. More formally, a state formula ¢ is monotonous if
m(p) = true, where m is defined as follows. This definition applies to predicate formulae as well.

m(—b) =def true

m(—-p) =def m(p)

m(=(e A ) =def  m(mp) Am(=y)
m(=(¢ Vv ¢)) =def M) Am(=y)
m(=(p = v)) =def  m(p) Am(—)
m(=vd:D.p) =def  m(7p)
m(—=3d:D.p) =def m(—yp)
m(=laly) Zdef ()
m(=()ep) =def m(-p)

m(ﬁV) =def true

m(=V(t)) =def true

m(—A) =def true

m(=A(t)) =def true

m(—X(e)) =def false
m(-pX(d:D:=e). @) =acy  m(op[X :=-X])
m(wX(dD =) ) =gy m(-plX = X))
m(b) =def true

mlp A ) —aer @) Am(®)
m(p V) =aer  m(p) Am(y)
m(p = ) =der  m(mp) Am(i)
m(Vd:D.p) =def m(p)
m(3d:D.p) =def  m(p)

m([e]y) =def  m(p)

m{{a)) et ()

m(V) =def true

m(V(t)) =def true

m(A) =def true

m(A(t)) =def true

m(X(e)) =def true

m(pX(d:D :=e). p) =dey  m(p)
m(vX(d:D :=e). @) =def m(y)



1.2 Normalization

The normalization function h is a function that eliminates implications from a state formula ¢, and that
‘pushes’ negations inwards to the level of data expressions. A precondition of h is that ¢ is monotonous. If
this is not the case, during the computation a term =X (e) will be encountered.

h(~b) —ap b

h(==p) =dacf )

h(=(e A1) =def (=) VA(=Y)
h(=(e V) =def (=) AR(=Y)
h(=(p = ¥)) =def D) Ah(=9)
h(=Vd:D.p) =def 3d:D.h(—yp)
h(—3d:D.p) =def Vd:D.h(—p)
h(=[alp) =daef  [a]h(=yp)

h(—~{a)¢) =def  (@)h(-p)

h(=V) Zdef A

h(=V (1)) =def A

h(-A) =def Vv

h(=A(t)) =def V(t)

h(=X(e)) =def unde fined
h(—puX(d:D :=¢e). ¢ =def vX(d:D :=e). h(—p[X = -X])
h(-vX (d:D :=e). ¢) =def pX(d:D :=e). h(—p[X := -X])
h(b) —a; b

hlg A ) —wer h(9) AR)

ho v ) —ar hl@) V()

hp = ) aer h9) V)
h(Qd:D.) —ae;  Vd:D.h(y)

h(lely) s lalh(p)

h({a)e) —ar {ah(o)

h(V) =def \Y%

WY (1)) —wr V()

h(A) =def A

o) s AW

WX (d) et X(d

h(oX(d:D :=¢e). p) =def oX(d:D :=e). h(y)



1.3 The predicate formula normal form (PFNF)

Definition 5 A predicate formula is said to be in Predicate Formula Normal Form (PFNF) if it has the

following form:

where X7 € x (x is a countable of sorted predicate variables), Q; € {V,3}, I is a (possibly empty) finite

Qivi:Vi. - QuupiVi. h/\/\ gi = \/ Xj(ej)

iel

JEJ;

index set, each J; is a non-empty finite index set, and h and every g; are simple formulae.

Note that here J; is used to index a set of occurrences of not necessarily different variables. For instance,
(n>0 = X(3)VvX(5)VY(6))is a formula complying to the definition of PFNF. So long as it does not
lead to confusion, we stick to the convention to drop the typing of the quantified variables v;. An algorithm

to compute a PFNF is:

where

p(c) =def
p(X(d)  =dey
p(Va:D.p)  =dacs
p(Fz:D.p) =gef

plpV)  =aer

Cc

X(d)

VY
dz

:D.p(p)
:D.p(p)

Qf"‘inQ%"'QZuf— (hso/\hw)

A

A

ielPUl?

JEJ;

<9i = V Xj(ej)>

Qf"'Qﬁ“’Q%"'Qﬁw' (hwvhw)

A

A

A

A (ﬁhw/\gi) = \V XJ(&)
i€l JjEJ;
A (R Ag) =V XI()
iclv j€J;

A ((gi/\gk) = V
icle kelv Jj€Ji,meJg
Q7 QY.

ielv

JEJ;

XI(ed) v Xm(em)>

he AN <gi = V Xj(ej)>

Q;P...wa.th A <gi — Xj(ej)>,

ieIv

J€J;

under the assumption that I¥ and I¥ are disjoint, and vf # v}p for all 4, j.



2 Transforming a state formula to a PBES

In this section we define the algorithm pbes_translate that generates a PBES from a state formula and an
LPD. Let (D,,dy, P) be the LPD given by

Zie[ ZyE, Ci(xay) - al(fl(xay))(
+ ZjeJ Zy;Ej Cj(xay) - 5(tj(x7y);

where a;(fi(z,y)) is a multiset of actions. Then we define

proc P(z:Dp) ti(z,y) - P(gi(x,y))

pbes_translate(c X (zy : Dy :=d). ¢, (Dp, do, P)) = E(p),

where the function E is inductively defined using the tables below. The function ¢ has to be in positive
normal form, i.e. it may not contain any — or = symbols. This is done using the function h, as given below.
There is also an untimed variant of the algorithm, which can be obtained by removing all time references.
A formula ¢ not of the form ¢ X (zy : Dy := d).  is first translated into vX(). . We assume that 7' : R is
a unique fresh time variable that is generated by the algorithm.

Let a = {a1,...,a,} and b = {by,...,b,} be two multi actions. Let A be the set of all permutations
[i1,...,in] of [1,...n] such that name(ax) = name(b;,) for k = 1...n. Then we define the function Sat as
follows:

Voo A (a=by) ifA£0
Sat(a<t,b) =def [i1,ensin]€A k=1...m
false otherwise
Sat(act, c) =def C
Sat(a<t, acu) =dey Sat(at,a) Nt~u
Sat(at, ~«) =4ef —Sat(at,a)
Sat(at,a A B)  =gey Sat(ac<t,a)ASat(at,p)
Sat(at,aV ) =gy Sat(at,a)V Sat(at,f)
Sat(at,a = ) =4ef Sat(at,a)= Sat(act,[)
Sat(at,Vz:D.a) =g4ey Vy:D.(Sat(a<t,afz :=y])
Sat(at,3z:D.a) =g4ey Jy:D.(Sat(a<t,afz :=y])
Pary,(c) =def ||
Parx (=) =daef Parxi(p)
Parx ;(p A ) =4ey Parx (p)++Parx ;(v)
Pary (¢ V) =4e Parx;(p)++Parx ;(v)
Pary (¢ = 1) =def Parx(p) + +Parx,(¢)
Parx ;([a]p) =qer Parx,(p)
Parx ;({)¢) =aef Parxi(p)
Parx ;(Vz:D.yp) =dey Parx ;i p)(p)
Parx ;(3z:D.¢) =def Parx i++2:D) (¢
Parx (Y (dy)) =def
if Y =X
PaI‘X,l(O'Y(LL'f.Df = d) CP) =def { Paer++[yf Df]( ) ifY 7& X
Parx (V()) =des [l
Parx (A(t)) =def |l



RHS C) =def C

(
RHS(o A7) =def  RHS(¢) ARHS(v)
RHS (¢ V) =def RHS(¢) V RHS(v))
RHS(¢ = 1) =def  RHS(—p) vV RHS(¢)
RHS(Vx:D.p) =def Va:D.RHS(p)
RHS(3x:D.p) =def Jz:D.RHS(p)
RHS([Q]SD) =def /\ie] vy:Ei((Sattrue(ai(fi(xp Y))e Z(x Y ) A
ci(Xp,y) N t; (:Cp y)>T)=
RHS(0)[T := ti(xp, y)l[xp := gi(zp,y)])
RHS(<O‘>@) =def \/Zej EIy E; (Sattrue(az(fz(xp Z/)) z( Z/) a)
ci(xp, y) N t; (zp y)>T A
RHS(¢)[T := ti(wp, y)|[zp := gi(p, y)])
RHS(X(d)) =def X(T,d,zyp, Parx,[}(gao))
RHS(O’X(Z‘fin = d) (p) =def X(T, d, .Tp,PaI‘X’[]((pO))
RHS(V() it (Noero Yo (i ) V > tag ) N2> T
RHS(A (1)) cir (Vieror B (ciapg) A< byl ) VE< T
RHS(—c¢) =def -RHS(—¢) = —¢
RHS(——) =der  RHS(y)
RHS(~( 1 ) s RHS(-y)VRHS(-y)
RHS(~(V ) —w;  RHS(-g) A RHS(-0)
RHS(~(¢ = 1) —w;  RHS(p) ARHS(~0)
RHS(ﬁ(Vthp)) =def ﬂac:D.RHS(wp)
RHS(~(3z:D.¢)) =def Va:D.RHS(—p)
RHS(—([e]y)) =dey  RHS({a)(—¢))
RHS(-({a))) —w;  RHS([0)(-9))
RHS(-X(d) —w;  RHES(X(d)
RHS(~(cX(zf:Dy :=d). ¢)) =def RHS(c X (zf:Dy :=d). (—p[X :=-X])) = RHS((¢ X (z¢:Dy := d). =¢p))
RHS(-V(1)) =der  RHS(A(1))
RHS(-A(t)) =def  RHS(V(1))
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3 Bisimulation algorithms

Let
M) = Z Z ci(d,e) — a;(d,e) - M(gi(d,e))
i€ly e:B;
Sd) = Y > clde) = ai(de) - M(gi(d,e))
i€lg e E;

be two linear processes, such that Ip;NIg = (). M is called the model and S the specification. The expression
a;(d, e) can be a multi-action, or have the special value 7. We assume that there are no ¢ summands. We
define four pbes equation systems that express some kind of bisimulation equivalence between M and S.

Branching Bisimulation brbsim(M,S) = vE2uE;, where

By = {XMS(d,d) =match™-3(d,d) A match®>M(d',d),
XS’M(d/7d) — XM’S(d, d/)}
E, = {YiM’S(d, d,e)= closefw’s(d, d,e)li € Iy,

YiS’M(d’, d,e) = close?™(d', d, e)|i € Is}
with for all ¢ € I, and (p,q) € {(M,S), (S, M)}:

match?(d,d') = )\ Ve, (ci(d,e) = YP(d,d e))
i€l

close?(d,d',e) = \/ Jerip,-(c;(d' ") NYU(d, gj(d',€),e))
{i€lqla;=7}

V(XPA(d,d") A stept”(d, d,€))
a;=1: XPg;(d,e),d)V V Jerp; - (cj(d e') N XP(gi(d,e),g;(d,e))
stept¥(d,d'je) = (€lyla; =}
¢ Y a; 7& T: \/ Ele’:Ej'(Cj (d/» el) A (ai(dv 6) = aj (dlv 6/)) A Xp’q(gi(da 6), gj (d/a 6/))
{jelqlaj:ai}

Strong Bisimulation sbisim(M,S) = vE, where

E = {XM5(d d) = match™>(d,d) N match®>M(d', d),
XSM (@, d) = XMS(d, d')}

with for all ¢ € I, and (p,q) € {(M,S), (S, M)}:

match??(d,d') = /\ Ve, (ci(d, e) = step?”?(d,d,€))
i€,

Step?’q(d, dl76) = \/ Ele'ZEj'(cj(dlvel) A (ai(da 6) = aj(d/ael)) A Xp’q(gi(da 6)7gj(dl76,))
JElq

Weak Bisimulation wbisim(M,S) = vEsuE,, where

Bz = {XMS(d,d) = match™ 5 (d,d") A match>M(d',d),
XS’M(d',d) — XM’S(d, d’)}
By = {Y]'1°(d,d' e) = close};°(d,d,e)li € Int,

Y5 (d, d') = closelS (d, d')i € Iy,
d,de)= closef’iM(d',d, e)li € Ig,

YS
YoM (!, d) = closes M (', d)i € Is}

‘v
SiM(
a



with for all ¢ € I, and (p, q) € {(M,S), (S, M)}:

matc}lnq(da dl) = /\ ve:Ei '(Ci (d7 6) = Yllj%q (d7 d/7 e))
i€l
closel’i(d,d',e) = \/ Ferg;-(ci(d, ) NYT(d, gj(d €'),e)) | V stepl?(d, d' e)
{i€lqlaj=7}

step}(d,d';e) = ai #7: N Jewp,. (¢i(d€) Nai(d,e) = a;(d',e’) A closeh I (gi(d, e), g;(d,€')))

jel,

{ ai=T1: closey{(gi(d,e),d)

cosefi(d,d) = XPUd,d)v \/ = (CBewmei(d,e) NYD(d, gi(d€)))
{i€lgla;=7}
Branching Simulation Equivalence brbsim(M,S) = vEyuFE;, where

By = {XMS(d,d') =match™-3(d,d) A match®>M(d',d),
XM3(d,d') = X5M(d', d),
XM (', d) = XMS(d, d')}

By = {YM5(d,d,e) = close}®(d,d',e)|i € I,
YIM(d d,e) = close;™ (d',d, e)]i € Is}

with match, close, and step defined exactly the same as in branching bisimulation.
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4 PBES rewriters

In this section we describe two PBES rewriters. We assume that a data rewriter datar is given that rewrites
data terms.

4.1 Simplifying rewriter

We define a simplifying PBES rewriter pbesr recursively as follows

pbesr(b) = datar(b)
pbesr(—p) = -—pbesr(p)
false if pbesr(p) = false V pbesr(¢)) = false
pbesr () if pbesr(p) = tru
pbesr(p A1) = pbesr(¢) if pbesr(¢) = true
pbesr(y) if pbesr(y) = pbesr())
pbesr(¢) A pbesr() otherwise
true if pbesr(p) = true V pbesr(y) = true
pbesr(1)) if pbesr(¢) = false
pbesr(p V1)) = pbesr(p) if pbesr(¢)) = false
pbesr(y) if pbesr(p) = pbesr(1))
pbesr(y) V pbesr() otherwise
pbesr (1) if pbesr(p) = true
true if pbesr(p) = false
_ true if pbesr(y) = true
pbesr(p — ) = pbesr(—¢) if pbesr(v)) = false
true if pbesr(p) = besr( )
pbesr(p) — pbesr(v)) otherwise
true if pbesr(¢) = true
_ false if pbesr(p) = false and D is non-empty
pbesr(Ya:p-¢) = pbesr(p) if d does not occur in @
Ya.p.pbesr(y) otherwise
true if pbesr(p) = true and D is non-empty
_ false if pbesr(p) = false
pbesr(3u:p.¢) = pbesr(p) if d does not occur in ¢
4. p-pbesr(p) otherwise

pbesr(X(e)) = X(datar(e))

where b is a data term of data sort B, true and false are elements of data sort B, X is a predicate variable,
econsists of zero or more data sorts and d, dy, ds are data variables of sort D.
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Simplify The pbes expression rewrite system SIMPLIFY [Luc Engelen, 2007] consists of the following
rules’:

false Nz —  false
x A false —  false
trueN\e — x
T Ntrue — T
—true —  false
—false — true
ITE(true,z,y) — =«
ITE(false,z,y) — y
r = x—true
y = x—x=y, providedy > x

4.2 Quantifier Elimination Rewriter

This section describes a rewriter on predicate formulae that eliminates quantifiers. It is based on the following
property

Vm:X-SO = /\ @[x = y] 3x:X~‘p = \/ 90[3: = y]a
y: X y: X

where the conjunction and disjunction on the right hand sides may be infinite. Because of this, the
rewriter we describe here is not guaranteed to terminate. However, in many practical cases the rewriter can
compute a finite expression even if the quantifier variables are of infinite sort. An example of this is the
formula V,,.n.(n > 2) V X (n) that can be rewritten into X (0) A X (1) A X (2).

We assume that the sorts of quantifier variables can be enumerated. By this we mean the existence
of a function enum that maps an arbitrary term d : D to a finite set of terms {dy,--- ,dg}, such that

range(d) = U range(d;), where range(d) is the set of closed terms obtained from d by substituting
=1k

values for the free variables of d. For example, if natural numbers are represented by S™(0), with S a
function that expresses the successor of a number, then possible enumerations of the term n are {0, S(n’)}
and {0,5(0),S(S(n"))}. Let id be the identity function and let o[d; :=e1,- - ,d, := e,] be the function ¢’
with o’(z) = e; if x = d; and ¢’(z) = o(z) otherwise.

A parameter of the ELIMINATEQUANTIFIERS algorithm is a rewriter R on quantifier free predicate for-
mulae, that is expected to have the following properties:

(R(t) = R{))=tx~t,

1Todo: reformulate this rewrite system.

12



where t ~ ¢’ indicates that ¢ and ¢’ are equivalent.

ELIMINATEQUANTIFIERS(Qa,: D ,....dn: D, -5 R)
if freevars(R(yp)) N{dy, - ,dn} =0 then return R(yp)

V=40

for i € {1,...,n} do E; := {d;}

do
choose e, € Ey, such that dvar(eg) # 0
Ek = Ek\{ek}
for e € enum(ey) :

W =10

for o € {id[d1 := f1, -+ ;dy—1:= fr—1,dk == €, dk41 1= fr1, - dp = f]
Ni€E; (i=1,---,n)}:
W=WU{R(a(p)}

if stopg € W then return stopg

V=V U{weW | dvar(w) C dvar(p)}

if {weW |dvar(w) & dvar(p)} # 0 then Ey := Ej, U {e}
rof

while vie{l,“.,n}Ei 7é @
return @ v,
veV

where stopg = L and @ = /\ in case () =V, and where stopg = T and @ = \/ in case Q = 3.
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5 PBES instantiation

In this section we describe an implementation of the instantiation algorithm Inst. Let & = (o, X(d; :
D) =¢y)-(0,Xn(dy : Dy) = ¢,) be a PBES, and Xj,(einit) an initial state. The algorithm PBES2BES
uses instantiation to compute a BES. It takes two extra parameters, an injective function p that renames
proposition variables to predicate variables, and a rewriter R that eliminates quantifiers from predicate
formulae. This rewriter is described in the next section.

PBES2BES(E, Xinit(€init), R, p)
fori:=1---ndo & :=¢
todo := {R(Xinit(€init)) }
done := ()
while todo # () do
choose Xi(e) € todo
todo := todo \ {Xi(e)}
done := done U {X(e)}
X¢ = p(Xi(e))
V° = R(py[dy, :=e])
& = Ep(0r X = p(¥°))
todo := todo U {Y (f) € occ(¢)®) | Y(f) ¢ done}
return & ---&,,

where p is extended from predicate variables to quantifier free predicate formulae using

pb) =dger b plp @) =acr p(e) © p()
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6 Constant Parameter Detection and Elimination

Let £ = (0, X1(dx, : Dx,) = ¢x,) -~ (0,Xn(dx, : Dx,) = ¢x,) be a PBES, and £ an initial state and let
eval be an evaluator function on data expressions. We denote the i-th element of a vector x as z[i]. Then
we define the algorithm PBESCONSTELM as follows:

PBESCONSTELM(E, k, eval)
for X € occ(€) do cx :=dx
for X (e) € iocc(k) do cx := updatex (cx,eval(e[dx := ¢x]))
todo := occ(k)
while todo # () do
choose X € todo
todo := todo \ {X}
for Y(e) € iocc(¢x) do
if eval(do_update(Y (e)[dx := cx])) # false then
¢y := updatex (cy,eval(e[dx = cx]))
if ¢} # cy then
cy ==
todo := todo U {Y'}
redundant_variables = {X € occ(€) | cx =dx}
redundant_parameters = {(X,1) | cx[i] € Dx|[i]}
return {redundant_variables, redundant_parameters}

where update is defined as follows:

Cﬁ ?i Cﬁ ;gm {dxli]}
’ 1 . " clt 11 c|? x Uidx |t
updatex (e, ) =aes ¢, with ¢"li] = 9 7 it efi] = dx[i] A ¢]i] & Dx

fresh_var(Dx][i]) otherwise

and where do_update is a boolean function that determines whether an update should be performed. A
safe choice for this function is the constant function true, but a more sophisticated choice can be made (see
[Simon Janssen, 2008]).
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7 Gaufl Elimination

A predicate formula ¢ is defined by the following grammar:
© u=blX(e)|mple Aplp Volp — p|Vd : D.p|3d : D.p|true|false

where b is a data term of sort B, X is a predicate variable, d is a data variable of sort D, e is a data term,
true represents true, and false represents false.

Definition 6 (Predicate Variable Substitution) Let @, be predicate formulae and X a predicate variable.
Then we define Y[/ X] as the result of applying the substitution X := ¢ to the formula ¥. To make this

more precise: suppose X is declared as X (d : D), then any occurrence X (d) in 1 is replaced by [d := dJ.
Lemma 7 (Substitution) Let £ be an equation system for which X,Y ¢ bnd(E), then:
(6X(d:D)=p)E(@Y(e: E)=9)=(6X(d: D) =p)/Y)EW'Y(e: E)=1)

Definition 8 (Approzimation) Let ¢, be predicate formulae and X a predicate variable. We inductively
define Y[/ X]* as follows:

vle/XP g
o/ X o/ xT!
Thus, 1[p/X]* represents the result of recursively substituting ¢ for X in .
Lemma 9 (Approzimants as Solutions) Let ¢ be a predicate formula and k € N be a natural number. Then
(uX(d : D)= ¢[false/X])") = (uX(d: D) =¢)
(vX(d : D) =)= WX(d: D) = gltrue/X]")

Lemma 10 (Stable Approzimants as Solutions) Let ¢ be a predicate formula and k € N be a natural number.
Then

if p[false/X)F —— [false/X]*! then (uX(d : D) = p[false/X]*) = (uX(d: D) = )
if o[true/X*  ——  oltrue/ X" then (vX(d : D) = ¢[true/X]*) = (vX(d : D) = )

7.1 Gaufl Elimination Algorithm
Let £ be an equation system of the form
&= (01X1(d1: D1) = 1) (00 Xn(dn : Dn) = ¢,),

and let r be a rewrite function that maps a pbes expression ¢ to an equivalent expression (.

Then we define
GAUss ELIMINATION(E, 1)

& =c¢

1:=n

while not i =0

do
(0:X; = ;) := SOLVEEQUATION(0, X; = ;)
©; =1,

5/ = SI(O'iXi = (pi)
for k=1toi—1do ¢, :=r(¢;lp;/X;]) od
1:=1—1

od

return &
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Here SOLVEEQUATION is an algorithm that solves a pbes equation, such that the resulting equation has no
reference to the predicate variable in its right hand side. An example of such a solve equation algorithm is

APPROXIMATE.
APPROXIMATE (0 X = ¢)

j=0
if 0 = v then ¢, := true else ¢, := false
repeat

Vi1 = ‘PWj/X]
ji=j+1
until (¢; =1,,;)

return o X = 1;

Also pattern matching algorithms exist for this. The GAUSS ELIMINATION algorithm solves the equation
system & for the predicate variable X;. To solve the system & for all variables, the algorithm has to be
applied repeatedly.

7.2 Solving a BES

If the equation system £ is a BES (i.e. the predicate variables have no parameters), then the following simple
approximate function can be used to solve it:

APPROXIMATE-BES (0 X = ¢)
if 0 = v then ¢, := true else ¢, := false
return SIMPLIFY (0 X = @[,/X])
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ATerm format

< DataExpr >

StateTrue

StateFalse

StateNot(< StateFrm >)

StateAnd(< StateFrm >, < StateFrm >)
StateOr(< StateFrm >, < StateFrm >)
StateImp(< StateFrm >, < StateFrm >)
StateForall(< DataVarId > +, < StateFrm >)
StateExists(< DataVarId > +, < StateFrm >)
StateMust(< RegFrm >, < StateFrm >)
StateMay(< RegFrm >, < StateFrm >)
StateYaled

StateYaledTimed(< DataExpr >)

StateDelay

StateDelayTimed(< DataExpr >)

StateVar(< String >, < DataExpr > %)

StateNu(< String >, < DataVarIdInit > %, < StateFrm >)
StateMu(< String >, < DataVarIdInit > %, < StateFrm >)

Naming conventions

left(p @ 1))

right(y © ¢)

arg(—yp)

arg(Vd : D.p) = arg(3d : D.o)
var(¥d : D.p) = var(3d : D.p)

name(ch(.d : D =e).p)
var(c X (d: D :=e).¢)
val(c X (d : D :=e).)

where o is either y or v, and ® is either A, V, or =.
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