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This document contains details about data structures and algorithms of the PBES Library of the mCRL2
toolset.

1 Definitions

Parameterised Boolean Equation Systems (PBESs) are empty (denoted ε) or finite sequences of fixed point
equations, where each equation is of the form (µX(d:D) = φ or (νX(d:D) = φ. The left-hand side of each
equation consists of a fixed point symbol, where µ indicates a least and ν a greatest fixed point, and a sorted
predicate variable X of sort D → B, taken from some countable domain of sorted predicate variables X .
The right-hand side of each equation is a predicate formula as defined below.

Definition 1 Predicate formulae φ are defined by the following grammar:

φ ::= b | X(e) | ¬φ | φ⊕ φ | Qd : D. φ

where ⊕ ∈ {∧,∨,⇒}, Q ∈ {∀, ∃}, b is a data term of sort B, X is a predicate variable, d is a data variable
of sort D and e is a vector of data terms.

The set of predicate variables that occur in a predicate formula φ, denoted by occ, is defined recursively
as follows, for any formulae φ1, φ2:

occ(b) =def ∅ occ(X(e)) =def {X}
occ(φ1 ⊕ φ2) =def occ(φ1) ∪ occ(φ2) occ(Qd : D. φ1) =def occ(φ1).

Extended to equation systems, occ(E) is the union of all variables occurring at the right-hand side of equations
in E . Likewise, the set of predicate variable instantiations that occur in a predicate formula φ is denoted by
iocc, and is defined recursively as follows

iocc(b) =def ∅ iocc(X(e)) =def {X(e)}
iocc(φ1 ⊕ φ2) =def iocc(φ1) ∪ iocc(φ2) iocc(Qd : D. φ1) =def iocc(φ1).

For any equation system E , the set of binding predicate variables, bnd(E), is the set of variables occurring
at the left-hand side of some equation in E . Formally, we define:

bnd(ε) =def ∅ bnd((σX(d:D) = φ) E) =def bnd(E) ∪ {X}
occ(ε) =def ∅ occ((σX(d:D) = φ) E) =def occ(E) ∪ occ(φ).

Let dvar(d) be the set of free data variables occurring in a data term d. The function dvar is extended to
predicate formulae using

dvar(X(e)) =def dvar(e) dvar(Qd : D. φ1) =def dvar(φ1) \ dvar(d).
dvar(φ1 ⊕ φ2) =def dvar(φ1) ∪ iocc(φ2).
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The set of freely occurring predicate variables in E , denoted pvar(E) is defined as occ(E) \ bnd(E). An
equation system E is said to be well-formed iff every binding predicate variable occurs at the left-hand side
of precisely one equation of E . We only consider well-formed equation systems in this paper.

An equation system E is called closed if pvar(E) = ∅ and open otherwise. An equation (σX(d : D) = φ),
where σ denotes either the fixed point sign µ or ν, is called data-closed if the set of data variables that occur
freely in φ is contained in the set of variables induced by the vector of variables d. An equation system is
called data-closed iff each of its equations is data-closed.

Definition 2 Action formulae α are defined by the following grammar:

α ::= b | ¬α | α⊕ α | Qd : D.α | a(d) | α↪t

where ⊕ ∈ {∧,∨,⇒}, Q ∈ {∀, ∃}, b is a data term of sort B, X is a predicate variable, d is a data variable
of sort D and a is an action label.

Definition 3 State formulae φ are defined by the following grammar:

φ ::= b | X(e) | ¬φ | φ⊕ φ | Qd : D. φ | 〈α〉φ | [α]φ | ∆ | ∆(t) | ∇ | ∇(t) | σX(d:D := e)

where ⊕ ∈ {∧,∨,⇒}, Q ∈ {∀, ∃}, σ ∈ {µ, ν}, b is a data term of sort B, X is a predicate variable, d is a
data variable of sort D and e is a vector of data terms and α is an action formula.
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1.1 Monotonicity

Definition 4 A state formula is called monotonous if it can be rewritten such that propositional variables
are not inside the scope of a negation or an implication. More formally, a state formula ϕ is monotonous if
m(ϕ) = true, where m is defined as follows. This definition applies to predicate formulae as well.

m(¬b) =def true
m(¬¬ϕ) =def m(ϕ)
m(¬(ϕ ∧ ψ)) =def m(¬ϕ) ∧m(¬ψ)
m(¬(ϕ ∨ ψ)) =def m(¬ϕ) ∧m(¬ψ)
m(¬(ϕ ⇒ ψ)) =def m(ϕ) ∧m(¬ψ)
m(¬∀d:D.ϕ) =def m(¬ϕ)
m(¬∃d:D.ϕ) =def m(¬ϕ)
m(¬[α]ϕ) =def m(¬ϕ)
m(¬〈α〉ϕ) =def m(¬ϕ)
m(¬∇) =def true
m(¬∇(t)) =def true
m(¬∆) =def true
m(¬∆(t)) =def true
m(¬X(e)) =def false
m(¬µX(d:D := e). ϕ) =def m(¬ϕ[X := ¬X])
m(¬νX(d:D := e). ϕ) =def m(¬ϕ[X := ¬X])
m(b) =def true
m(ϕ ∧ ψ) =def m(ϕ) ∧m(ψ)
m(ϕ ∨ ψ) =def m(ϕ) ∧m(ψ)
m(ϕ ⇒ ψ) =def m(¬ϕ) ∧m(ψ)
m(∀d:D.ϕ) =def m(ϕ)
m(∃d:D.ϕ) =def m(ϕ)
m([α]ϕ) =def m(ϕ)
m(〈α〉ϕ) =def m(ϕ)
m(∇) =def true
m(∇(t)) =def true
m(∆) =def true
m(∆(t)) =def true
m(X(e)) =def true
m(µX(d:D := e). ϕ) =def m(ϕ)
m(νX(d:D := e). ϕ) =def m(ϕ)
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1.2 Normalization

The normalization function h is a function that eliminates implications from a state formula ϕ, and that
’pushes’ negations inwards to the level of data expressions. A precondition of h is that ϕ is monotonous. If
this is not the case, during the computation a term ¬X(e) will be encountered.

h(¬b) =def ¬b
h(¬¬ϕ) =def h(ϕ)
h(¬(ϕ ∧ ψ)) =def h(¬ϕ) ∨ h(¬ψ)
h(¬(ϕ ∨ ψ)) =def h(¬ϕ) ∧ h(¬ψ)
h(¬(ϕ ⇒ ψ)) =def h(ϕ) ∧ h(¬ψ)
h(¬∀d:D.ϕ) =def ∃d:D.h(¬ϕ)
h(¬∃d:D.ϕ) =def ∀d:D.h(¬ϕ)
h(¬[α]ϕ) =def [α]h(¬ϕ)
h(¬〈α〉ϕ) =def 〈α〉h(¬ϕ)
h(¬∇) =def ∆
h(¬∇(t)) =def ∆(t)
h(¬∆) =def ∇
h(¬∆(t)) =def ∇(t)
h(¬X(e)) =def undefined
h(¬µX(d:D := e). ϕ) =def νX(d:D := e). h(¬ϕ[X := ¬X])
h(¬νX(d:D := e). ϕ) =def µX(d:D := e). h(¬ϕ[X := ¬X])
h(b) =def b
h(ϕ ∧ ψ) =def h(ϕ) ∧ h(ψ)
h(ϕ ∨ ψ) =def h(ϕ) ∨ h(ψ)
h(ϕ ⇒ ψ) =def h(¬ϕ) ∨ h(ψ)
h(Qd:D.ϕ) =def ∀d:D.h(ϕ)
h([α]ϕ) =def [α]h(ϕ)
h(〈α〉ϕ) =def 〈α〉h(ϕ)
h(∇) =def ∇
h(∇(t)) =def ∇(t)
h(∆) =def ∆
h(∆(t)) =def ∆(t)
h(X(d)) =def X(d)
h(σX(d:D := e). ϕ) =def σX(d:D := e). h(ϕ)
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1.3 The predicate formula normal form (PFNF)

Definition 5 A predicate formula is said to be in Predicate Formula Normal Form (PFNF) if it has the
following form:

Q1v1:V1. · · ·Qnvn:Vn. h ∧
∧

i∈I


gi =⇒

∨

j∈Ji

Xj(ej)




where Xj ∈ χ (χ is a countable of sorted predicate variables), Qi ∈ {∀, ∃}, I is a (possibly empty) finite
index set, each Ji is a non-empty finite index set, and h and every gi are simple formulae.

Note that here Ji is used to index a set of occurrences of not necessarily different variables. For instance,
(n > 0 =⇒ X(3) ∨X(5) ∨ Y (6)) is a formula complying to the definition of PFNF. So long as it does not
lead to confusion, we stick to the convention to drop the typing of the quantified variables vi. An algorithm
to compute a PFNF is:

p(c) =def c
p(X(d)) =def X(d)
p(∀x:D.ϕ) =def ∀x:D.p(ϕ)
p(∃x:D.ϕ) =def ∃x:D.p(ϕ)

p(ϕ ∧ ψ) =def

Qϕ
1 · · ·Qϕ

nϕQψ
1 · · ·Qψ

nψ .
(
hϕ ∧ hψ

)

∧ ∧
i∈Iϕ∪Iψ

(
gi =⇒ ∨

j∈Ji

Xj(ej)

)

p(ϕ ∨ ψ) =def

Qϕ
1 · · ·Qϕ

nϕQψ
1 · · ·Qψ

nψ .
(
hϕ ∨ hψ

)

∧ ∧
i∈Iϕ

(
(¬hψ ∧ gi

)
=⇒ ∨

j∈Ji

Xj(ej)

)

∧ ∧
i∈Iψ

(
(¬hϕ ∧ gi) =⇒ ∨

j∈Ji

Xj(ej)

)

∧ ∧
i∈Iϕ,k∈Iψ

(
(gi ∧ gk) =⇒ ∨

j∈Ji,m∈Jk

Xj(ej) ∨Xm(em)

)

where

p(ϕ) = Qϕ
1 · · ·Qϕ

nϕ . hϕ ∧ ∧
i∈Iϕ

(
gi =⇒ ∨

j∈Ji

Xj(ej)

)

p(ψ) = Qψ
1 · · ·Qψ

nψ . hψ ∧ ∧
i∈Iψ

(
gi =⇒ ∨

j∈Ji

Xj(ej)

)
,

under the assumption that Iϕ and Iψ are disjoint, and vϕ
i 6= vψ

j for all i, j.
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2 Transforming a state formula to a PBES

In this section we define the algorithm pbes translate that generates a PBES from a state formula and an
LPD. Let 〈Dp, d0, P 〉 be the LPD given by

proc P (x:Dp) =
∑

i∈I

∑
y:Ei

ci(x, y) → ai(fi(x, y))↪ti(x, y) · P (gi(x, y))
+

∑
j∈J

∑
y:Ej

cj(x, y) → δ↪tj(x, y);

where ai(fi(x, y)) is a multiset of actions. Then we define

pbes translate(σX(xf : Df := d). ϕ, 〈Dp, d0, P 〉) = E(ϕ),

where the function E is inductively defined using the tables below. The function ϕ has to be in positive
normal form, i.e. it may not contain any ¬ or ⇒ symbols. This is done using the function h, as given below.
There is also an untimed variant of the algorithm, which can be obtained by removing all time references.
A formula ϕ not of the form σX(xf : Df := d). ϕ is first translated into νX(). ϕ. We assume that T : R is
a unique fresh time variable that is generated by the algorithm.

Let a = {a1, . . . , an} and b = {b1, . . . , bn} be two multi actions. Let A be the set of all permutations
[i1, . . . , in] of [1, . . . n] such that name(ak) = name(bik

) for k = 1 . . . n. Then we define the function Sat as
follows:

Sat(a↪t, b) =def





∨

[i1,...,in]∈A

∧

k=1...n

(ak = bik
) if A 6= ∅

false otherwise
Sat(a↪t, c) =def c
Sat(a↪t, α↪u) =def Sat(a↪t, α) ∧ t ≈ u
Sat(a↪t,¬α) =def ¬Sat(a↪t, α)
Sat(a↪t, α ∧ β) =def Sat(a↪t, α) ∧ Sat(a↪t, β)
Sat(a↪t, α ∨ β) =def Sat(a↪t, α) ∨ Sat(a↪t, β)
Sat(a↪t, α ⇒ β) =def Sat(a↪t, α) ⇒ Sat(a↪t, β)
Sat(a↪t,∀x:D.α) =def ∀y:D.(Sat(a↪t, α[x := y])
Sat(a↪t,∃x:D.α) =def ∃y:D.(Sat(a↪t, α[x := y])

ParX,l(c) =def []
ParX,l(¬ϕ) =def ParX,l(ϕ)
ParX,l(ϕ ∧ ψ) =def ParX,l(ϕ) + +ParX,l(ψ)
ParX,l(ϕ ∨ ψ) =def ParX,l(ϕ) + +ParX,l(ψ)
ParX,l(ϕ ⇒ ψ) =def ParX,l(ϕ) + +ParX,l(ψ)
ParX,l([α]ϕ) =def ParX,l(ϕ)
ParX,l(〈α〉ϕ) =def ParX,l(ϕ)
ParX,l(∀x:D.ϕ) =def ParX,l++[x:D](ϕ)
ParX,l(∃x:D.ϕ) =def ParX,l++[x:D](ϕ)
ParX,l(Y (df )) =def []

ParX,l(σY (xf :Df := d).ϕ) =def

{
l if Y = X

ParX,l++[xf :Df ](ϕ) if Y 6= X
ParX,l(∇(t)) =def []
ParX,l(∆(t)) =def []
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RHS(c) =def c
RHS(ϕ ∧ ψ) =def RHS(ϕ) ∧RHS(ψ)
RHS(ϕ ∨ ψ) =def RHS(ϕ) ∨RHS(ψ)
RHS(ϕ ⇒ ψ) =def RHS(¬ϕ) ∨RHS(ψ)
RHS(∀x:D.ϕ) =def ∀x:D.RHS(ϕ)
RHS(∃x:D.ϕ) =def ∃x:D.RHS(ϕ)
RHS([α]ϕ) =def

∧
i∈I ∀y:Ei

((Sattrue(ai(fi(xp, y))↪ti(xp, y), α) ∧
ci(xp, y) ∧ ti(xp, y) > T ) ⇒
RHS(ϕ)[T := ti(xp, y)][xp := gi(xp, y)])

RHS(〈α〉ϕ) =def

∨
i∈I ∃y:Ei

(Sattrue(ai(fi(xp, y))↪ti(xp, y), α) ∧
ci(xp, y) ∧ ti(xp, y) > T ∧
RHS(ϕ)[T := ti(xp, y)][xp := gi(xp, y)])

RHS(X(d)) =def X̃(T, d, xp,ParX,[](ϕ0))
RHS(σX(xf :Df := d). ϕ) =def X̃(T, d, xp,ParX,[](ϕ0))
RHS(∇(t)) =def

(∧
i∈I∪J ∀y:Ei

((¬ci(xp, y) ∨ t > tk(xp, y))
) ∧ t > T

RHS(∆(t)) =def

(∨
i∈I∪J ∃y:Ei

((ci(xp, y) ∧ t ≤ tk(xp, y))
) ∨ t ≤ T

RHS(¬c) =def ¬RHS(¬c) = ¬c
RHS(¬¬ϕ) =def RHS(ϕ)
RHS(¬(ϕ ∧ ψ)) =def RHS(¬ϕ) ∨RHS(¬ψ)
RHS(¬(ϕ ∨ ψ)) =def RHS(¬ϕ) ∧RHS(¬ψ)
RHS(¬(ϕ ⇒ ψ)) =def RHS(ϕ) ∧RHS(¬ψ)
RHS(¬(∀x:D.ϕ)) =def ∃x:D.RHS(¬ϕ)
RHS(¬(∃x:D.ϕ)) =def ∀x:D.RHS(¬ϕ)
RHS(¬([α]ϕ)) =def RHS(〈α〉(¬ϕ))
RHS(¬(〈α〉ϕ)) =def RHS([α](¬ϕ))
RHS(¬X(d)) =def RHS(X(d))
RHS(¬(σX(xf :Df := d). ϕ)) =def RHS(σ̃X(xf :Df := d). (¬ϕ[X := ¬X])) = RHS((σX(xf :Df := d). ¬ϕ))
RHS(¬∇(t)) =def RHS(∆(t))
RHS(¬∆(t)) =def RHS(∇(t))
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E(c) =def ε
E(ϕ ∧ ψ) =def E(ϕ)E(ψ)
E(ϕ ∨ ψ) =def E(ϕ)E(ψ)
E(ϕ ⇒ ψ) =def E(¬ϕ)E(ψ)
E(∀x:D.ϕ) =def E(ϕ)
E(∃x:D.ϕ) =def E(ϕ)
E([α]ϕ) =def E(ϕ)
E(〈α〉ϕ) =def E(ϕ)
E(∇) =def ε
E(∇(t)) =def ε
E(∆) =def ε
E(∆(t)) =def ε
E(X(d)) =def ε

E(σX(xf :Df := d). ϕ) =def (σX̃(T : R, xf :Df , xp:Dp,ParX,[](ϕ0)) = RHS(ϕ) ) E(ϕ)
E(¬c) =def ε
E(¬¬ϕ) =def E(ϕ)
E(¬(ϕ ∧ ψ)) =def E(¬ϕ)E(¬ψ)
E(¬(ϕ ∨ ψ)) =def E(¬ϕ)E(¬ψ)
E(¬(ϕ ⇒ ψ)) =def E(ϕ)E(¬ψ)
E(¬(∀x:D.ϕ)) =def E(¬ϕ)
E(¬(∃x:D.ϕ)) =def E(¬ϕ)
E(¬([α]ϕ)) =def E(¬ϕ)
E(¬(〈α〉ϕ)) =def E(¬ϕ)
E(¬∇) =def ε
E(¬∇(t)) =def ε
E(¬∆) =def ε
E(¬∆(t)) =def ε
E(¬X(d)) =def ε

E(¬σX(xf :Df := d). ϕ) =def (σ̃X̃(T : R, xf :Df , xp:Dp,ParX,[](ϕ0)) = RHS(¬ϕ) [X := ¬X]) E(¬ϕ),

where σ̃ = µ if σ = ν and σ̃ = ν if σ = µ and X̃ is a fresh predicate variable.
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3 Bisimulation algorithms

Let

M(d) =
∑

i∈IM

∑

e:Ei

ci(d, e) → ai(d, e) ·M(gi(d, e))

S(d) =
∑

i∈IS

∑

e:Ei

ci(d, e) → ai(d, e) ·M(gi(d, e))

be two linear processes, such that IM ∩IS = ∅. M is called the model and S the specification. The expression
ai(d, e) can be a multi-action, or have the special value τ . We assume that there are no δ summands. We
define four pbes equation systems that express some kind of bisimulation equivalence between M and S.

Branching Bisimulation brbsim(M,S) = νE2µE1, where

E2 := {XM,S(d, d′) = matchM,S(d, d′) ∧matchS,M (d′, d),
XS,M (d′, d) = XM,S(d, d′)}

E1 := {Y M,S
i (d, d′, e) = closeM,S

i (d, d′, e)|i ∈ IM ,

Y S,M
i (d′, d, e) = closeS,M

i (d′, d, e)|i ∈ IS}
with for all i ∈ Ip and (p, q) ∈ {(M, S), (S, M)}:

matchp,q(d, d′) =
∧

i∈Ip

∀e:Ei .(ci(d, e) ⇒ Y p,q
i (d, d′, e))

closep,q
i (d, d′, e) =

∨

{j∈Iq|aj=τ}
∃e′:Ej .(cj(d′, e′) ∧ Y p,q

i (d, gj(d′, e′), e))

∨(Xp,q(d, d′) ∧ stepp,q
i (d, d′, e))

stepp,q
i (d, d′, e) =





ai = τ : Xp,q(gi(d, e), d′) ∨ ∨
{j∈Iq|aj=τ}

∃e′:Ej .(cj(d′, e′) ∧Xp,q(gi(d, e), gj(d′, e′))

ai 6= τ :
∨

{j∈Iq|aj=ai}
∃e′:Ej .(cj(d′, e′) ∧ (ai(d, e) = aj(d′, e′)) ∧Xp,q(gi(d, e), gj(d′, e′))

Strong Bisimulation sbisim(M, S) = νE, where

E := {XM,S(d, d′) = matchM,S(d, d′) ∧matchS,M (d′, d),
XS,M (d′, d) = XM,S(d, d′)}

with for all i ∈ Ip and (p, q) ∈ {(M, S), (S, M)}:

matchp,q(d, d′) =
∧

i∈Ip

∀e:Ei .(ci(d, e) ⇒ stepp,q
i (d, d′, e))

stepp,q
i (d, d′, e) =

∨

j∈Iq

∃e′:Ej .(cj(d′, e′) ∧ (ai(d, e) = aj(d′, e′)) ∧Xp,q(gi(d, e), gj(d′, e′))

Weak Bisimulation wbisim(M, S) = νE2µE1, where

E3 := {XM,S(d, d′) = matchM,S(d, d′) ∧matchS,M (d′, d),
XS,M (d′, d) = XM,S(d, d′)}

E2 := {Y M,S
1,i (d, d′, e) = closeM,S

1,i (d, d′, e)|i ∈ IM ,

Y M,S
2,i (d, d′) = closeM,S

2,i (d, d′)|i ∈ IM ,

Y S,M
1,i (d′, d, e) = closeS,M

1,i (d′, d, e)|i ∈ IS ,

Y S,M
2,i (d′, d) = closeS,M

2,i (d′, d)|i ∈ IS}
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with for all i ∈ Ip and (p, q) ∈ {(M, S), (S, M)}:

matchp,q(d, d′) =
∧

i∈Ip

∀e:Ei .(ci(d, e) ⇒ Y p,q
1,i (d, d′, e))

closep,q
1,i (d, d′, e) =


 ∨

{j∈Iq|aj=τ}
∃e′:Ej

.(cj(d′, e′) ∧ Y p,q
1,i (d, gj(d′, e′), e))


 ∨ stepp,q

i (d, d′, e)

stepp,q
i (d, d′, e) =

{
ai = τ : closep,q

2,i (gi(d, e), d′)
ai 6= τ :

∨
j∈Iq

∃e′:Ej .
(
cj(d′, e′) ∧ ai(d, e) = aj(d′, e′) ∧ closep,q

2,i (gi(d, e), gj(d′, e′))
)

closep,q
2,i (d, d′) = Xp,q(d, d′) ∨

∨

{j∈Iq|aj=τ}

(∃e′:Ej cj(d′, e′) ∧ Y p,q
2,i (d, gj(d′, e′))

)

Branching Simulation Equivalence brbsim(M,S) = νE2µE1, where

E2 := {XM,S(d, d′) = matchM,S(d, d′) ∧matchS,M (d′, d),
XM,S(d, d′) = XS,M (d′, d),
XS,M (d′, d) = XM,S(d, d′)}

E1 := {Y M,S
i (d, d′, e) = closeM,S

i (d, d′, e)|i ∈ IM ,

Y S,M
i (d′, d, e) = closeS,M

i (d′, d, e)|i ∈ IS}

with match, close, and step defined exactly the same as in branching bisimulation.
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4 PBES rewriters

In this section we describe two PBES rewriters. We assume that a data rewriter datar is given that rewrites
data terms.

4.1 Simplifying rewriter

We define a simplifying PBES rewriter pbesr recursively as follows

pbesr(b) = datar(b)
pbesr(¬ϕ) = ¬pbesr(ϕ)

pbesr(ϕ ∧ ψ) =





false if pbesr(ϕ) = false ∨ pbesr(ψ) = false
pbesr(ψ) if pbesr(ϕ) = true
pbesr(ϕ) if pbesr(ψ) = true
pbesr(ϕ) if pbesr(ϕ) = pbesr(ψ)
pbesr(ϕ) ∧ pbesr(ψ) otherwise

pbesr(ϕ ∨ ψ) =





true if pbesr(ϕ) = true ∨ pbesr(ψ) = true
pbesr(ψ) if pbesr(ϕ) = false
pbesr(ϕ) if pbesr(ψ) = false
pbesr(ϕ) if pbesr(ϕ) = pbesr(ψ)
pbesr(ϕ) ∨ pbesr(ψ) otherwise

pbesr(ϕ → ψ) =





pbesr(ψ) if pbesr(ϕ) = true
true if pbesr(ϕ) = false
true if pbesr(ψ) = true
pbesr(¬ϕ) if pbesr(ψ) = false
true if pbesr(ϕ) = pbesr(ψ)
pbesr(ϕ) → pbesr(ψ) otherwise

pbesr(∀d:D.ϕ) =





true if pbesr(ϕ) = true
false if pbesr(ϕ) = false and D is non-empty
pbesr(ϕ) if d does not occur in ϕ
∀d:D.pbesr(ϕ) otherwise

pbesr(∃d:D.ϕ) =





true if pbesr(ϕ) = true and D is non-empty
false if pbesr(ϕ) = false
pbesr(ϕ) if d does not occur in ϕ
∃d:D.pbesr(ϕ) otherwise

pbesr(X(e)) = X(datar(e))

where b is a data term of data sort B, true and false are elements of data sort B, X is a predicate variable,
econsists of zero or more data sorts and d, d1, d2 are data variables of sort D.
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Simplify The pbes expression rewrite system Simplify [Luc Engelen, 2007] consists of the following
rules1:

false ∧ x → false

x ∧ false → false

true ∧ x → x

x ∧ true → x

¬true → false

¬false → true

ITE(true, x, y) → x

ITE(false, x, y) → y

x = x → true

y = x → x = y, provided y Â x

4.2 Quantifier Elimination Rewriter

This section describes a rewriter on predicate formulae that eliminates quantifiers. It is based on the following
property

∀x:X .ϕ ≡
∧

y:X

ϕ[x := y] ∃x:X .ϕ ≡
∨

y:X

ϕ[x := y],

where the conjunction and disjunction on the right hand sides may be infinite. Because of this, the
rewriter we describe here is not guaranteed to terminate. However, in many practical cases the rewriter can
compute a finite expression even if the quantifier variables are of infinite sort. An example of this is the
formula ∀n:N.(n > 2) ∨X(n) that can be rewritten into X(0) ∧X(1) ∧X(2).

We assume that the sorts of quantifier variables can be enumerated. By this we mean the existence
of a function enum that maps an arbitrary term d : D to a finite set of terms {d1, · · · , dk}, such that
range(d) =

⋃

i=1···k
range(di), where range(d) is the set of closed terms obtained from d by substituting

values for the free variables of d. For example, if natural numbers are represented by Sn(0), with S a
function that expresses the successor of a number, then possible enumerations of the term n are {0, S(n′)}
and {0, S(0), S(S(n′′))}. Let id be the identity function and let σ[d1 := e1, · · · , dn := en] be the function σ′

with σ′(x) = ei if x = di and σ′(x) = σ(x) otherwise.
A parameter of the EliminateQuantifiers algorithm is a rewriter R on quantifier free predicate for-

mulae, that is expected to have the following properties:

R(⊥) = ⊥
(R(t) = R(t′)) ⇒ t ' t′,

1Todo: reformulate this rewrite system.
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where t ' t′ indicates that t and t′ are equivalent.

EliminateQuantifiers(Qd1:D1,...,dn:Dn .ϕ,R)
if freevars(R(ϕ)) ∩ {d1, · · · , dn} = ∅ then return R(ϕ)
V := ∅
for i ∈ {1, . . . , n} do Ei := {di}
do

choose ek ∈ Ek, such that dvar(ek) 6= ∅
Ek := Ek\{ek}
for e ∈ enum(ek) :

W := ∅
for σ ∈ {id[d1 := f1, · · · , dk−1 := fk−1, dk := e, dk+1 := fk+1, · · · , dn := fn]

∧fi ∈ Ei (i = 1, · · · , n)} :
W := W ∪ {R(σ(ϕ)}

if stopQ ∈ W then return stopQ

V := V ∪ {w ∈ W | dvar(w) ⊂ dvar(ϕ)}
if {w ∈ W | dvar(w)  dvar(ϕ)} 6= ∅ then Ek := Ek ∪ {e}

rof
while ∀i∈{1,...,n}.Ei 6= ∅
return

⊕

v∈V

v,

where stopQ = ⊥ and
⊕

=
∧

in case Q = ∀, and where stopQ = > and
⊕

=
∨

in case Q = ∃.
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5 PBES instantiation

In this section we describe an implementation of the instantiation algorithm Inst. Let E = (σ1X1(d1 :
D1) = ϕ1) · · · (σnXn(dn : Dn) = ϕn) be a PBES, and Xinit(einit) an initial state. The algorithm Pbes2bes
uses instantiation to compute a BES. It takes two extra parameters, an injective function ρ that renames
proposition variables to predicate variables, and a rewriter R that eliminates quantifiers from predicate
formulae. This rewriter is described in the next section.

Pbes2bes(E , Xinit(einit), R, ρ)
for i := 1 · · ·n do Ei := ε
todo := {R(Xinit(einit))}
done := ∅
while todo 6= ∅ do

choose Xk(e) ∈ todo
todo := todo \ {Xk(e)}
done := done ∪ {Xk(e)}
Xe := ρ(Xk(e))
ψe := R(ϕk[dk := e])
Ek := Ek(σkXe = ρ(ψe))
todo := todo ∪ {Y (f) ∈ occ(ψe) | Y (f) /∈ done}

return E1 · · · En,

where ρ is extended from predicate variables to quantifier free predicate formulae using

ρ(b) =def b ρ(ϕ⊕ ψ) =def ρ(ϕ)⊕ ρ(ψ)
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6 Constant Parameter Detection and Elimination

Let E = (σ1X1(dX1 : DX1) = ϕX1
) · · · (σnXn(dXn : DXn) = ϕXn

) be a PBES, and κ an initial state and let
eval be an evaluator function on data expressions. We denote the i-th element of a vector x as x[i]. Then
we define the algorithm PbesConstelm as follows:

PbesConstelm(E , κ, eval)
for X ∈ occ(E) do cX := dX

for X(e) ∈ iocc(κ) do cX := updateX(cX , eval(e[dX := cX ]))
todo := occ(κ)
while todo 6= ∅ do

choose X ∈ todo
todo := todo \ {X}
for Y (e) ∈ iocc(ϕX) do

if eval(do update(Y (e)[dX := cX ])) 6= false then
c′Y := updateX(cY , eval(e[dX := cX ]))
if c′Y 6= cY then

cY := c′Y
todo := todo ∪ {Y }

redundant variables = {X ∈ occ(E) | cX = dX}
redundant parameters = {(X, i) | cX [i] ∈ DX [i]}
return {redundant variables, redundant parameters}

where update is defined as follows:

updateX(c, c′) =def c′′, with c′′[i] =





c[i] if c[i] = c′[i]
c[i] if c[i] /∈ DX ∪ {dX [i]}
c′[i] if c[i] = dX [i] ∧ c′[i] /∈ DX

fresh var(DX [i]) otherwise

and where do update is a boolean function that determines whether an update should be performed. A
safe choice for this function is the constant function true, but a more sophisticated choice can be made (see
[Simon Janssen, 2008]).

15



7 Gauß Elimination

A predicate formula ϕ is defined by the following grammar:

ϕ ::= b|X(e)|¬ϕ|ϕ ∧ ϕ|ϕ ∨ ϕ|ϕ → ϕ|∀d : D.ϕ|∃d : D.ϕ|true|false

where b is a data term of sort B, X is a predicate variable, d is a data variable of sort D, e is a data term,
true represents true, and false represents false.

Definition 6 (Predicate Variable Substitution) Let ϕ, ψ be predicate formulae and X a predicate variable.
Then we define ψ[ϕ/X] as the result of applying the substitution X := ϕ to the formula ψ. To make this
more precise: suppose X is declared as X(d : D), then any occurrence X(d) in ψ is replaced by ϕ[d := d].

Lemma 7 (Substitution) Let E be an equation system for which X, Y /∈ bnd(E), then:

(σX(d : D) = ϕ)E(σ′Y (e : E) = ψ) ≡ (σX(d : D) = ϕ)[ψ/Y ]E(σ′Y (e : E) = ψ)

Definition 8 (Approximation) Let ϕ, ψ be predicate formulae and X a predicate variable. We inductively
define ψ[ϕ/X]k as follows:

ψ[ϕ/X]0
def
= ϕ

ψ[ϕ/X]k+1 def
= ψ[ϕ/X]k

Thus, ψ[ϕ/X]k represents the result of recursively substituting ϕ for X in ψ.

Lemma 9 (Approximants as Solutions) Let ϕ be a predicate formula and k ∈ N be a natural number. Then

(µX(d : D) = ϕ[false/X]k) V (µX(d : D) = ϕ)
(νX(d : D) = ϕ) V (νX(d : D) = ϕ[true/X]k)

Lemma 10 (Stable Approximants as Solutions) Let ϕ be a predicate formula and k ∈ N be a natural number.
Then

if ϕ[false/X]k ←→ ϕ[false/X]k+1 then (µX(d : D) = ϕ[false/X]k) ≡ (µX(d : D) = ϕ)
if ϕ[true/X]k ←→ ϕ[true/X]k+1 then (νX(d : D) = ϕ[true/X]k) ≡ (νX(d : D) = ϕ)

7.1 Gauß Elimination Algorithm

Let E be an equation system of the form

E = (σ1X1(d1 : D1) = ϕ1) · · · (σnXn(dn : Dn) = ϕn),

and let r be a rewrite function that maps a pbes expression ϕ to an equivalent expression ϕ′.
Then we define

Gauß Elimination(E , r)
E ′ := ε
i := n
while not i = 0
do

(σiXi = ψi) := SolveEquation(σiXi = ϕi)
ϕi := ψi

E ′ := E ′(σiXi = ϕi)
for k = 1 to i− 1 do ϕk := r(ϕk[ϕi/Xi]) od
i := i− 1

od
return E ′
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Here SolveEquation is an algorithm that solves a pbes equation, such that the resulting equation has no
reference to the predicate variable in its right hand side. An example of such a solve equation algorithm is
Approximate.

Approximate(σX = ϕ)
j := 0
if σ = ν then ψ0 := true else ψ0 := false
repeat

ψj+1 := ϕ[ψj/X]
j := j + 1

until (ψj = ψj+1)
return σX = ψj

Also pattern matching algorithms exist for this. The Gauß Elimination algorithm solves the equation
system E for the predicate variable X1. To solve the system E for all variables, the algorithm has to be
applied repeatedly.

7.2 Solving a BES

If the equation system E is a BES (i.e. the predicate variables have no parameters), then the following simple
approximate function can be used to solve it:

Approximate-BES(σX = ϕ)
if σ = ν then ψ0 := true else ψ0 := false
return Simplify(σX = ϕ[ψ0/X])
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ATerm format

< DataExpr > c
StateTrue true
StateFalse false
StateNot(< StateFrm >) ¬ϕ
StateAnd(< StateFrm >,< StateFrm >) ϕ ∧ ϕ
StateOr(< StateFrm >,< StateFrm >) ϕ ∨ ϕ
StateImp(< StateFrm >,< StateFrm >) ϕ ⇒ ϕ
StateForall(< DataVarId > +, < StateFrm >) ∀x:D.ϕ
StateExists(< DataVarId > +, < StateFrm >) ∃x:D.ϕ
StateMust(< RegFrm >,< StateFrm >) 〈α〉ϕ
StateMay(< RegFrm >,< StateFrm >) [α]ϕ
StateYaled ∇
StateYaledTimed(< DataExpr >) ∇(t)
StateDelay ∆
StateDelayTimed(< DataExpr >) ∆(t)
StateVar(< String >,< DataExpr > ∗) X(d)
StateNu(< String >,< DataVarIdInit > ∗, < StateFrm >) νX(x:D := d). ϕ
StateMu(< String >,< DataVarIdInit > ∗, < StateFrm >) µX(x:D := d). ϕ

Naming conventions
left(ϕ⊗ ψ) = ϕ
right(ϕ⊗ ψ) = ψ
arg(¬ϕ) = ϕ
arg(∀d : D.ϕ) = arg(∃d : D.ϕ) = ϕ
var(∀d : D.ϕ) = var(∃d : D.ϕ) = d : D
arg(〈α〉ϕ) = arg([α]ϕ) = ϕ
act(〈α〉ϕ) = act([α]ϕ) = α
time(∇(t)) = time(∆(t)) = t
var(X(d : D)) = d : D
arg(σX(d : D := e).ϕ) = ϕ
name(σX(d : D := e).ϕ) = X
var(σX(d : D := e).ϕ) = d : D
val(σX(d : D := e).ϕ) = e

where σ is either µ or ν, and ⊗ is either ∧, ∨, or ⇒.
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