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1 Introduction

In a typical distributed system, a number of components@amnaing simultaneously in parallel. By
working together, these components provide the functibeslthat are required from the complete
system. Although the behaviour of a single component caallysbe specified and analysed rela-
tively easily, the behaviour of the system as a whole is dit@complex to be specified or analysed
thoroughly. This is primarily due to (and inherent to) theglkelism between the system’s com-
ponents. An exhaustive analysis of all of the system’s statel execution paths thus becomes a
formidable task — even for a system with a relatively smathiber of components.

In this part of the IPA Basic Course on Formal Methods, wediahtice and explain process algebra,
which is a formalism that is well suited for the specificatafrsystem behaviour. This is done within
the context of the mCRL2 specification language [4] and &d8]. With the toolset, users can
specify the behaviour of a distributed system and analyssiitg automated techniques. In Section
1.1 we give a short history of mMCRL2. In Section 1.2 we give aaraiew of the remainder of this
document.

1.1 History

As its name suggests, mCRL2 is the successor of:fBRL specification language and toolset [3,
6, 7]. TheuCRL toolset has been developed at and maintained by the &CemtMathematics and
Computer Science (CWI) in Amsterdam since the beginningpefrtineties of the previous century.
The 1CRL language extends a basic process algebra — based onghbralof Communicating
Processes (ACP) [1] — with the possibility to define and usstrabt data types. The ability to use
data within a process algebra specification is a valuablehgps even a necessary) enhancement
when applying the toolset to a real-life system.

The 4CRL language has clear and well-defined syntax and semar@iesr the years, various
tools have been developed i@€RL, all with a strong foundation in formal theories. Thelsmt has
been used in numerous case studies for the analysis of sysieaprotocols developed by both the
industry and the academic world (see for example [2, 5, 18]hearly all cases the analysis revealed
errors in the system being analysed.

Recently, researchers at the Eindhoven University of Teldyy (TU/e) started the development
of the mCRL2 language and toolset. Based on user experiartesCRL, their focus is to develop
a more user friendly language and tool interface. The mdsitamtial improvement to the language
on the data side is the introduction of predefined and highaéer data types, lambda calculus ex-
pressions and various other language constructs that argngel to make the data type definitions
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Figure 1: Overview of the mCRL2 toolset

shorter and easier to read and write. Regarding the pro¢gsbra, the most remarkable change is
the introduction of multiactions which allow for a more sgfatforward conversion of Petri nets to
MCRL2 specifications. Furthermore, the language is trulgpositional, meaning that large systems
can be specified in terms of smaller components. FinallyntB&RL2 toolset is being extended with
a graphical user interface which improves the usabilityhef toolset and can be used alongside the
traditional command line interface.

1.2 Overview

In general, the following steps are involved in the analydia system with mCRL2 (see also Fig-
ure 1):

e A specification of the system’s behaviour is written in theRA@ language.

This specification is converted td_near Process SpecificatighPS) by the mCRL2 lineariser
tool. As we shall see, an LPS is an mCRL2 specification in atstrformat.

The LPS can be modified using various manipulation tools amdoe simulated using various
simulation tools.

A Labelled Transition Syste(hTS) or state spacés generated from the modified LPS.

Subsequently, this LTS can be analysed for errors using hatweking techniques. This is a topic
which is beyond the scope of this document. The remainddrie@fiocument contains the following
sections:



e Language (Section 2);
e Linear Process Specifications (Section 3);
e Toolset (Section 4).

Every section contains exercises to practise the matasiaiglthe course.

2 Language

This section describes the mCRL2 language. Roughly, thpukzge consists of a process algebra part
and data specification part. These parts are explained tio8s@.1 and 2.2, respectively.

The precise syntax of the language can be found in Appendid@te that this syntax, which is
used in this and the following sections, uses a rich text &iriihe toolset, however, uses a plain text
format, which is related to the rich notation in Appendix B.

2.1 Process algebra

The most basic notion in the mMCRL2 process language &ctan. Actions represent atomic events.
The following example illustrates how actiosand, receive anderror can be declared:

act send, receive;
error;

In general we write, b, . . . to denote actions.
Process expressiongenoted by, q, .. ., describe when certain actions can be executed. For
example, & is followed by eitheb or ¢”. We make this notion more formal by introducing operators.

2.1.1 Basic operators

Process expressions are compositions of actions using benohoperators. The most basic expres-
sions are as follows:

Actions a, b etc. as described above.

Deadlockor inactiond, which does not display any behaviour.

Alternative composition, written asp + ¢. This representsaon-deterministic choicketween
p andgq.

Sequential compositionwrittenp - ¢. This expression first executggnd therny (assuming
terminates).

When writing process expressions we usually omit pareethas much as possible. To do this, we
give - a higher precedence thanand use the associativy of both operators. So, instead tihgri
(a-(b-c))+ (d+ e) we usually writea - b - ¢ + d + e.

To give meaning to processes we use LTSs. In Figure 2 the LTig#smonding to the process
expression: - b + ¢ - (d - 6 + e) is shown. To be able to distinguish deadloék &énd successful
termination (e.g. after an actiar) we use closed nodes to indicate that a process has terchiade
open nodes if a process has not (yet) done so. Each open rmaddlyicalled a state, corresponds to
a process described by the (sub-)graph with this node aslroBtgure 2 we have labelled the states
with the corresponding process expressions.



a-b+c-(d-0+e)

d-6+e

Figure 2: LTS ofa-b+c- (d-d +e€)

In Figure 3 the LTSs for the basic operators are drawn. Fi§{redenotes the LTS for a general
process, meaning thag is the (only) initial state op andp; to p,, (n > 0) are its terminating states.
As shown in Figure 3(d), the alternative composition of twogesses is created by merging their
initial states. For the sequential compositjprng each of the terminating states ofs replaced with
a copy ofq (Figure 3(e)).
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Figure 3: LTSs of the basic operators

Exercise 2.1 Draw the LTS for each of the following processes:
1. (a+b)-c
2.a-c+b-c
3.a+9



4.0 (a+Db)

Looking at Exercises 2.1.1 and 2.1.2, we see that after deithgr ana or ab both processes have
exactly the same behaviour (namely To express this equality with respect to the (observable)
behaviour a process describes we {(g®ng) bisimulation equivalence Which processes are equal,
or bisimilar, according to this equivalence is stated as follows. Foryesmetion one process can
perform, the other has to be able to perform the same actiome#isand the resulting processes
should be bisimilar. Furthermore, if one process has teatenh the other should have done so as
well. For exampleg - (b + ¢) can perform aru, which results in a process+ ¢, anda - b+ a - ¢
can also perform an actian but not such that the resulting process is equal toc. Thus, these
processes are nbtsimilar.

Other equivalences can also be used. Wi#te equivalence for instance, two processes are
equal when the sets of traces that the processes can exee@gual: In this case: - (b + ¢) and
a-b+ a- ¢, which are not bisimilar, would be equivalent as for both vegénthat{¢, a,a - b,a - ¢},
with e the empty trace, is the set of traces.

We explain our choice for bisimilarity by means of the stofihé Lady, or the Tiger?” by Frank
Stockton [14], which tells about a barbaric king who puts disused subjects in the middle of a
public arena. In this arena, there are two closed doors tigxaike. The fate, and thereby also the
guilt, of the accused is decided by forcing him to open oneheftivo. Behind one of the doors
is a hungry tiger which will tear him to pieces immediatelyavhgiven the opportunity. The other
conceals a beautiful lady to whom, once revealed, he will beied instantly.

When modelling such a trial, we treat the opening of the dagran atomic action, as well as
the resulting behaviour after opening each of the doors. ddreect model for the above story is
open_door - marry_lady + open_door - confront_tiger, as depicted in Figure 4(a). It expresses that
whether you will be confronted with the lady or the tiger deg@e on theopen_door action. The
modelopen_door - (marry_lady + confront_tiger) in Figure 4(b), however, is wrong, because after
opening a door the accused person can somehow still chotvsedremeeting the tiger and marrying
the lady.

open_door open_door open_door

marry_lady confront _tiger marry_lady confront _tiger

(@) (b)

Figure 4: The lady, or the tiger?

We useaxiomsto express the properties of the operators. The axioms éooplerators introduced so
far are listed in Table 1. Here, y, z are variables that stand for unknown process expressioits. W
the axioms we can prove, for instaneet- (6 + a) equal toa using axioms A2, A6 and A3 as follows:

a+ (0 +a) 42 (a+d)+a P ot+a?a

1We will not define the set of traces of a process formally.



Al z4+y=y+=z

A2 wt(y+2)=(o+y)+>
A3 z+zx==x

Ad (z+4vy)-z=z-24+y- -z
AS (v-y)-z—u-(y-2)
A6 z+o==zx

A7 d-x=94§

Table 1: Basic operator axioms

We introduce more axioms along the way. In Appendix C a cotepbeerview of all axioms is
given. Note that some axioms given in this section are diigginplified versions of those given in
Appendix C due to the incremental structure of this document

Exercise 2.2 Prove the following propositions:
1. a+ (6 +a) = a(without using axiom A2)
2.0-(a+b) =d-a+d-b
3.p+q =6 impliesp = §

In some occasions it helps to use< ¢, which is defined ag + ¢ = ¢. This relation is sometimes
calledsummand inclusioand can be used to split a proof obligation in two (possibiy)der parts
(see Exercise 2.3.3).

Exercise 2.3 Prove the following propositions:
lL.p<p+tg
2.6 <p
3.p=gq if,andonlyif, p < ¢ and ¢ < p (anti-symmetry)

4. p+q = ¢ implies p = §

2.1.2 Recursion

Often processes have some recursive behaviour. A coffedingdor example, will normally not
stop (terminate) after serving only one cup of coffee. Taliate this, we introducerocess ref-
erences written asP. These are references to variables declared by processi@tgjahat are
introduced next. Using process expressions we can foouess equations Take for instance the
following declaration:

act switch, break;
proc  Off = switch - On;
On = break - 0 + switch - Off;

This declares process references (often just called psesg®/f and On. ProcessOff can do a
switch action, after which it behaves as procéss. ProcessOn can also do awitch action and
return to procesg)ff, but it might also do @reak action, which results in a deadlock.



A complete process specification needs to have an initi@gas For example:

init ~ Off;

Exercise 2.4 Draw the LTS forOff, as described above.

Note that with recursion the composition of LTSs with theeaiative operator as shown in Figure
3(d) is no longer valid. For example, given a specificatidor- « - P, the compositiorP + b would
resultin@ = a - Q + b instead ofa - P + b. The precise correct composition is beyond the scope of
this document.

2.1.3 Parallel operators

Having covered the basics, we take a look at some additiqpeabdors that play an essential role in
process algebra, namely the parallel operators:

o Parallel compositionor mergep || ¢, whichinterleavesandsynchronisethe actions op with
those ofg.

e Synchronisation operatorp|q, which synchronises the first actionspndq and combines
the rest ofp andq like the parallel composition.

e Multiaction a]...|b, which is a special instance of the synchronisation opefatere the
arguments are single actions (or multiactions). The mepofra multiaction is that all actions
occurring in it happen at the same moment (i.e. truly in pabal We often writea or 5 for
multiactions.

o Left merge p || ¢, which is an auxiliary operator to allow for the axiomatisatof the parallel
composition. (It allows only to execute a first action and thereafter combines the reranind
of p with ¢ as the parallel composition does.)

The precedence of the operators introduced so far, in deiagarder, is as follows;, -, {|], [ }, +-
The related axioms are given in Table 2. Hereand 8 are multiactions andvs and 35 are
multiactionsor deadlock.

Exercise 2.5 Prove the following propositions:
1 (a+b)]je = a-c+b-c+c-(a+b)+alc+bd|c
2.all6d =a-é
3.plla=aqllp

Does the following hold? Why (not)?

4 p+qllr =pllr+aqlr



MA3 ol = B|a
MA4  of(Bly) = (a]|B) |y

CM1 z|ly=z|y+ylle+zly
CM2 as|lz=as5-x

M3 ag- 2 y=as - (x| )

CM4  (z+vy)llz=z|z+y] =
CM5 (as-2)|Bs =as|fBs - x

CM6 a5|(55 ,T) :a5|ﬁ(5-x

CM7 (a5 -)|(Bs - y) = as|Bs - (x| )
CM8 (z+y)lz=2x|z+vy|z

CM9  z|(y+2)==xly+z|z

CD1  6las =6
CD2  as]0=4

Table 2: Parallel operator axioms

2.1.4 Additional operators

Now that we are able to put various processes in parallel, @e rways to restrict the behaviour
of this composition to model the interaction between preess For this purpose we introduce the
following operators:

e Restriction operator or allow Vy (p), whereV is a set of multiactions that specifies exactly
which multiactions fronmp are allowed to occur.

e Blocking operator 9y (p) (also known agncapsulatiojy whereH is a set of action names
that arenotallowed to occur.

e Renaming operatorpr(p), whereR is a set of renamings of the form — b, meaning that
every occurrence of actianin p is replaced by actioh.

e Communication operator I'c(p), whereC' is a set of allowed communications of the form
agp | ... | an — ¢, with n > 1, meaning that every group of actions, ..., a,, within a
multiaction is replaced by.

Before we can give the axioms for these operators, we firdd teatroduce some special functions
on multiactions that correspond to the above operators. ¥geconversions, and_| to convert
multiactions to their corresponding multiset and backpeesively. We extend these conversions to
setsV andC in the straightforward way given in Appendix C. We write nisétts as(aq, ..., a,)
and denote them by, andn.

For the blocking operator we need to detect whether or nadr@ein a multiaction occur in the
set of actiond?. We do this by taking the intersection of the correspondindfiset with H, resulting
inaset (e.g(alb|b)y N{b,c} = (a,b,b) N {b,c} = {b}).

The renaming operator works by applying the functi®no a multiaction withe. For example,

R e a|b = R(a)|R(b), whereR(a) = cif a — ¢ € R (otherwiseR(a) = a). Note that every action
may only occur once as a right-hand side efdn R.

Somewhat more complicated is the functian(m), which applies the communication described
by C to a multisetn. It replaces every occurrence of a left-hand side of a conication it can find
in m with the appropriate result. More precisely:



yo(mUn) = ~c(m)U{c) if n—ce Oy
v (m) = m if there is no such

For examplesy,jp—c} ((a,a,b,¢)) = (a,c,c) andy(sja—a,pjc|d—e} ((a, b, a,d, c,a)) = (a,a,e). TO
assure that does not have multiple solutions, communication€’ishould be defined such that
left-hand sides are disjoint (e.¢. = {a|b — ¢, a|d — e} is not allowed).

Axioms for the additional operators are listed in Table 3.

VD Vy(d) =0

V1" Vy(a)=a if ay eV
V2’ Vv(a) =4 if OL<> ¢ V<>
V3  Vy(z+y)=Vv(z)+ Vy(y)
V4 Vy(z-y)=Vv(z) Vv(y)
DD 9x(6) =6

Dl du(e)=a if ayNH =0
D2 8H(a):6 if OL<>QH7£®
D3  Ou(z+y) =0u(z)+ 0u(y)
D4  Op(z-y) =0u(z)- Ouly)
RD  pg(s) = o

Rl pr(a)=Rec«

R3  pr(z+y) = pr(®) + pr(y)
R4 pr(z-y) =pr(z) - pr(Y)
GD Tc(5)=4

Gl Fc(a) = 70(04<>)|

G3 Te¢(x+y)=Tc(@)+Tc(y)
G4 Te(z-y)=Tc(z) Toly)

Table 3: Additional operator axioms

Exercise 2.6 Prove the following propositions:
1. Opy(a- pre—ay(blc) = a-d
2. Tae—ar(alb|l¢) = alb-c+c-alb+bld
3. Osu,sp} Tisulsy—si(@-5a || s6-b) = a-s-b
4. T, isp—st (Viapsalst (@ Sa |l so- b)) = a-s-b
5. Viaps) Tisaisp—sy(@-5alsp-D)) = a-s-b

Exercise 2.7 Assume we have some componéhnthat communicates via a chanrf€lwith an en-
vironment. We are only interested in the communication keewS and K, so we specifyS as
follows:

proc S=r1-5-5;



The communication behaviour 6fis specified as repeatedly receiving something cesnectionl
and sending something oveonnectior?2. (Note that theseomething are not modelled, as they are
not relevant here.)

The channel can be specified as follows (only consideringtim@ection taS):

proc K=s51-K+r:: K,
The composition of and K would then be:

init v{61,02}(F{n\aﬂqn‘zlwﬁq}(K H S))§

1. Simplify the initial process to a process expression witly basic operators.

2. What happens if the specification of chanhgls replaced with the following trace equiva-
lent specification of_, that allowsburstcommunication oveconnectionl? (In other words,
simplify the system again with instead of.)

proc L=sy-L+s-s1-L+ry-L;

2.1.5 Abstraction

An important notion in process algebra is thatitraction. Usually the requirements of a system
are defined in terms adxternalbehaviour (i.e. the interactions of the system with its eswinent),
while one wishes to check these requirements on an impletienof the system which also contains
internal behaviour (i.e. the interaction between the componentsegystem). So it is desirable to
be able to abstract from the internal behaviour of the imgletation. For this purpose the following
constructs are available:

¢ Internal action or silent stepr, which is a special multiaction that denotes that some (un-
known) internal behaviour happens.

e Hiding operator 7;(p), which hides (or renames t9 all actions inf in all multiactions inp.

Because one can only observe external actions, (the eff€ciisternal actions are only observable

if such an action determines a choice. To reflect this in thévedéence on processes we need a
somewhat weaker notion of bisimulation. Thiganching bisimulation equivalencediffers in the

fact that if one process can performrathen the other does not necessarily has to be able to perform
ar as well. In this case, however, it is needed thattiperformed by the first process results in a
process that is equivalent to the other. Also, in matchingaion (both external and) it is allowed

to first execute some internal actions. For examples 7 - a andq = a arebranching bisimilar
because can skip ther of p andp is allowed to first do its- before matching'’s a.

A somewhat stricter variant namedoted branching bisimulation equivalenceis needed to
make sure that processes are also equal within some coritbig.equivalence adds a rootedness
condition to branching bisimulation equivalence statihgttinternal actions that can be performed
from the initial state of a process should be considered tesread actions. Se - a anda are not
rooted branching bisimilgrbuta - - b anda - b are.

The axioms are listed in Table 4. For the axioms of the hidiperator we use a functidiy («) which

10



removes all actions in sétfrom multiactiona. It is defined byd;(a|a) = 0;(a) andf;(a) = 7 if
a € I andf;(ala) = alfr(a) andb;(a) = a otherwise. Alsof; (1) = 7.

Note that axioms V1’ and V2’ (from Table 3) are replaced bylstly different versions. Because
7 is not observable, it cannot be blocked and will always bewadd. Axiom T2 expresses thatra
can only be removed from a choice if it does not reduce theilpledsehaviour. When a (first) action
of y is executed, we have no way of determining which of the twaioences of; it was. However,
if we have the expression- = + y instead and happens, we can observe that it is no longer possible
to executey and thus the executedis observable. This also explains why the initials required
and there is no axiom- z = x; without it there could be another alternative in the contbote that
this corresponds to the rootedness condition.

Note thatr is not allowed to occur in setg,H,R andC'. Also, the conversioa, removes any
T that occurs inx (e.g. (a|7|b)y = (a,b)). Finally, we now allow communications ifi to be of
the forma|b (besides:|b — ¢), meaning that andb communicate to-.

MA2"  a|t =«

TID T7(0) =4

TI1 T](Oé)zej Oé)

TI3 Tz +y) =71(2) + 71(Y)
TI4 Tr(x-y) =711(x) - 71(Y)

V1 Vv(a)=a if aye(VU{r}),
V2 Vy(a)=46 if ay & (VU{r))y

Table 4: Abstraction axioms

Exercise 2.8 Prove the following propositions:
1 rpey(a-(b+c-b)-d) = a-d
2. T{b}(a|b) = a

Exercise 2.9 Assume we have componeidfs, C;, andC, that are connected sequentially (i.e. there
is a connection betweefi, andC, and a connection betweer, andC,.). They are specified as
follows, with the purpose of implementing a leader elecpootocol:

The protocol works like this: if you have only one neighbaben you can tell your neighbour
that you give up your chance to be leader (withsgjp If a neighbour tells you that he will no
longer participate (via;), you no longer consider him to be your neighbour and if he yeasg only
neighbour, you proclaim your leader positidg)

act 1,72, 81, 82,11, 2, I3;
proc C,=s1+711 " I1;
Cb =Ty (82+T2'12)+7’2'(51 —|—T1 12),
Ce =82+ 12135
init T{ c1,c2}(a{ 71,72,51,52 }(F{Tl‘sl"cla"? S2HC2}(C‘1 H Cb ” CC)));

Simplify the initial process.

11



2.2 Data

The mCRL2 data language is a functional language basddgter-order abstract data typd40,
11]. Sorts (types), constructors, functions and their dédims can be declared. For instance, the
following declares the sotfl with constructors: andd. Also functionsf,g andh are declared and
(partially) defined:

sort A;

cons c¢,d: A;

map f:AxA— A;
g:A— A
h:A— A— A

var T A;

egn fle,x) = ¢
fld,z) = x;
g = h(c);

In the equationsariablesare used to represent unknown data expressions. Note thaidn types
are first-class citizens: functions may return functions.
Sort referencesan be declared. For instance in

sort B = A;

B is a synonym ford. Using sort references it is possible to define recursivesgeee below).
Furthermorelambda abstractionandwhere clausesan be used. For example:

var T,y A;
eqn  h(z) = XApa(Aaaf(z,9(2))(g(f(x

Y
h(z)(y) = f(z,9(2)) whr z = g(f(z,y))

end;

Note that the two definitions df are equivalent.
As mentioned above, mCRL2 also has concrete data typese Thesist oktandard data types
and functionss well agype constructorsFor the former, we have the following:

e Booleans B) with constantdrue, falseand operators-, A, Vv, =. For all sorts the equality
operator, inequalitys, conditionalif and quantifiers¥ and3 are provided. So for instance
the expression ~ c is equal tatrue, ¢ # c to false if (true, ¢, d) to ¢, andvy. 4.(f(x, ¢) = ¢)
to true (using the above definition gf). Also, expressions of soft may be used asonditions
in equations, for instance:

var

T,y A
eqn =

y — f(r,y) =

¢ Unbounded positiveN 1), natural {N), integer ) and non-negative real numbef&°) with
relational operatorsc, <, >, >, unary negation-, binary arithmetic operators, —, *, div,
mod and arithmetic operationsaz, min, abs, succ, pred, exp. Also conversion functions
A2B are provided for all sortgl, B € { N*,N,Z R=%},

12



There are a number of type constructors, of which the firstsiswectured typeThis is a compact
way of defining a sort and its distinct constructor functiciagether with projection and recogniser
functions for these constructors. For instance, aM@&bf machine states can be declared by:

sort  MS = struct off | standby | starting | running | broken;

This sort has constructorsgf, standby, starting, running and broken and no projection or recog-
niser functions. Note that the constructors are distire€.g.off ~ off is true andoff = standby
is false.

A sort of binary trees with numbers as their leaves can be eefs follows:

sort T = struct leaf (value : N)?is_leaf | node(left : T, right : T)?is_node;

This declares soff’ with constructordeaf : N — T andnode : T x T — T, projection functions
value : T — N andleft, right : T — T, and recognisers_leaf : T — B andis_node : T' — B.
So for examplevalue(leaf (n)) = n andleft(node(t,w)) = t, andis_leaf (leaf (n)) = true and
is_leaf (node(t,u)) = false.

We also have &st type constructor. The following declares a list containghgments of sorti:

sort AL = List(A);

This list has constructofg : AL and> : A x AL — AL. Other operators include, + (concatena-
tion), . (element at)head, tail, rhead andrtail together with list enumeratidre, . . . , e,, |. The fol-
lowing expressions of typd L are all equivalentf ¢, d, d], ¢ > [d,d], [¢,d] <d and[]+][¢c,d]+[d].

Possibly infinitesetsand bagswhere all elements are of sost are denoted byet(A) and
Bag(A), respectively. The following operations are provided floege sort expressions: set enu-
meration{ ao, . . .,a, }, bag enumeratiofag : ¢, ..., a, : ¢,) (¢; is the multiplicity or count of
elements;), set/bag comprehensidn: : s | ¢ }, element tesk, bag multiplicity count, set comple-
ments and infix operators., C, U, —, N with their usual meaning for sets and bags. Also conversion
functionsSet2Bag and Bag2Set are provided.

Integration with the process language

Actions can beparameterisedvith data. For example:

act a;
b:B;
c:B x Nt;

This declares parameterless actigractionb with a data parameter of sd#, and actiore with two
parameters of soft andN™ respectively. For the above declaratian p(¢rue) andc(false, 6) are
valid actions.

For some operators this parameterisation involves smalgés in the semantics:

e RestrictionVy (p), blockingdy (p) and hidingr; (p) disregardthe data parameters of the mul-
tiactions inp when determining if an (multi)action should be blocked atd@n. For example,
Vblcy(a(0) + b(true, 5)|c) = b(true,5)|c anddy,y(a(0) + b(true, 5)|c) = a(0).

e Renamingor(p) also disregards the data parameters, but when a renamipgliedthe data
parameters aretained For examplepy ,—.;1(a(0) 4+ a) = b(0) + b.
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e Communicatiol¢(p) has becomstricter. for each communicatioay |- - -|a, — ¢, n > 1,
multiactionsag(...)|--|ax(...) in p are only replaced by(...) when the data parameters
of all a; are equal (both the number of parameters and their valué®.data parameters are
retained in actior. For examplé' ;j5—.}(a(0)pp(0)) = ¢(0), butalsal'; ,,—.1(a(0)p(1)) =
a(0)|b(1). Furthermorel'; ,,—.1(a(1)[a(0)|b(1)) = a(0)|c(1).

This requires some small changes in the axioms for thesatgper The new axioms can be found in
Appendix C.
Next to actions, process references can be parameterisedx&mple:

proc P(d:B,e:NT)=a-P(d,e)
+b(d) - P(—~d,e+1)
+ ¢(d, e) - P(false, maz(e —1,1));

This declares the procegswith data parameters ande of sortB andN*, respectively. Note that
the sorts of the data parameters are declared in the lefi-b@e of the equation. In the process
references on the right-hand side treduesof the data parameters are specified.

Data can influence process behaviour by meansaafraitional operator, written ags — p ¢ g,
wherec is a data expression of sdt This process expression behaves as an if-then-else aonstr
cis true thenp is executed, elsgis executed. The else part is optionak— p is a valid expression
that behaves a8 — p ¢ §. The operator binds stronger th@nand ||, but weaker than. The
corresponding axioms for the conditional operator aremineTable 5.

Cl true—zoy ==
C2 false —zoy =y
C3 c—x=c—ozxzod

Table 5: Conditional axioms

Exercise 2.10Prove the following propositions:
l.c—pog=c—p+ c—q
2. (c—=poq)-r=c—p-roq-r

We also extend process expressions with the abilitguantify over data types. For this we
introduce thesummation operator)_ ., p wherep is a process expression in which data variable
may occur. The corresponding behavioupjigy/d] + - - - + p[d,,/d], n > 0, for all elementsl; € D.
Here,p[d;/d] stands forp in which each free occurrence df(i.e. not bound by anothéy’, ;) is
replaced byl;. Summation has the lowest precedence after

Summations over a data type are particularly useful to mtigeteceipt of an arbitrary element
of a data type. For example the following process is a desonpf a single-place buffer, repeatedly
reading a natural number using action namand then delivering that value via action name

act r, 5 : N;
proc  Buffer =5 yr(n)-s(n)- Buffer;

The axioms for summation are given in Table 6. H&reandY arefunction variabledrom the
data typeD to process expressions.
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SUM1 > ,pz==

SUM3 >, p X(d)=>,pX(d)+ X(e)withe € D

SUM4 32, (X (d) + Y (d) = Y.y p X(d) + g Y(d)
SUMS (3 4pX(d) -z =2 0pX(d) =

SUME (5 X(d) L2 = 3oy X(d) |

SUM7 (3 yp X(d))|z =) 4 p X(d)|x

SUM7" x|} 4.p X(d) = 3 4.p | X(d)

SUM11 >, , X(d)=>,pY(d),if X(d)=Y(d)foralld e D

V6 Vv(Xup X(d) =3 4p Vv(X(d)
D6 O (X _g.p X(d) = > 4.p Ou(X(d))
R6 PR 4.p X(d)) =2 4.p PR(X(d))

G6 Lo gp X(d) =3 4. p To(X(
Ti6 71(2a.p X(d)) = 324 p T1(X(d)

Table 6: Summation axioms

Note that) " acts as a binder. In the axioms, a process varialitet is in the scope of & .,
may only be instantiated with process expressions in whath dariablel does not occur freely. For
example, in SUML: may be instantiated with(1), but not witha(d). However, using function vari-
ables weare able to bind variables, i.e. we can instantiatavith \ ;.. pp? for any process expression
p such thatX (d) become9[d/d']. As in theA-calculus we allowy-conversion (renaming of bound

variables), i.e}", , X (d) =>_,.p X(d').

Exercise 2.11Prove the following propositions, whepeq are process expressions in which variable
b of sortB does not occur freely,is a data expression of sdit, andF' is a function fromD to process
expressions:

1. >sb—pog = ptyg
2. Y upld=e)— F(d) = F(e) (sum elimination lemma)

Hint: use anti-symmetry ok (see Exercise 2.3.3).

2.3 Time

Time can be added to processes usingath@perator. The expression:<t indicates that multiaction
o happens at time, wheret is a data expression of saR=" and¢ > 0. This notion is extended
to arbitrary process expressions as followspifithe first multiactions op happen at time. The
operator has higher precedence thasut lower than.

We do not give the full details of this operator, because litagond the scope of this document.
Instead, we give a few examples. To start with, we specifyrgpk clock:

act tick;
proc  CO(t: R2%) = tick<t- Ot + 1);

For a valueu of sortR=, the proces¥’(u) exhibits the single infinite trac&ck<u - tick<(u + 1) -
ticks(u+2) - ---.

2The X in Ay, pp is not part of the actual language; it lives at the meta-level

15



To make the behaviour a bit more interesting, we add a timandtthe possibility to reset the
clock:

act reset;
proc  TRC(t:R=%) = (t < 1000) — tick<t- TRC(t + 1)
+ reset - TRC(0);

This clock can increment its counter Byconsecutively for at most a thousand times, while at any
moment can reset the counter0to

As a different example, we show a model oflafting clock (taken from [17]). This is a clock
that is accurate within a bounded interyal 0, 1 4 9], whereo < 1.

proc  DC(t:R20) =3 ooo(l—0<eAe<1+0)— tick<(t+e¢) DC(t+e¢);

3 Linear process specifications

For manipulating processes — either by hand or using todlss-useful to transform them to a basic
form. This basic form is called knear process specificatioror LPS for short. The most important
characteristics of a linear process are that there is omgeseguation and that there is precisely one
action in front of the recursive invocation of the processalale at the right-hand side:

Definition 3.1 A linear process specification (LPS) is a process specificaif which the process
part is of the form

proc  P(d:D) =3 ,c; . 5, ci(d, i) — ai(fi(d, e:))ti(d, e;)-P(gi(d, €;));

wherel a finite index set¢; a condition, f; the parameter of actiom; occurring at timet; andg;
the next staté. Note that the first summand israeta-leveloperation: ", _, p; is a shorthand for
p1+ -+ - + pn, Wheren is the size off.

We call data parametel the state parameter. In general we only strictly adhere to the formvabo
with one state parametdrand one sum variable; per summand in theoretical considerations. In
practice we can use any number or leave out both. Also, if dmelition istrue it is usually left out.

The form as described above is sometimes described asotiditionaction-effectrule. In a
particular statel the actiona; can be done at timg if condition ¢; holds. The effect of the action is
given by the functiory;.

Example 3.2 The proces8Bufferon page 14 isiot linear because there are two actions in front of
the reference t8ufferin the right-hand side of the process definition. The LPSHerkuffer has the
following form:

proc  P(n:N,b:B)=>" b — r(m)-P(m,—b)
58 )P, b

init P(0, true);

Note that the linear form is less readable than the much nmneise form we started with.

3The general form of an LPS also contains terminating sumsand multiactions. We do not include these here because
they only add complexity and provide no essential insighh@&concept.
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LPSs can be seen as a (symbolic) representation of the ptate ef a model. The state space often
has a number of states that is exponential in the number aflpbprocesses. The fact that many
process descriptions lead to systems with a huge numbeatefssis commonly known as tistate
space explosion problenBecause of this, it often takes a large amount of time to geea state
space and a large amount of space to store it.

In general, it is relatively straightforward to transformopesses to linear form. For two parallel
processes it generally boils down to joining the state Wdemand concatenating the summands. In
[15] it is described how this can be done for all timg@RL processes. Using these techniques,
a model of hundreds of parallel processes can be transfotmmadingle LPS relatively easily and
within a small amount of time; even if the correspondingestaiace is infinitely large.

Example 3.3 Consider the following process equations that describelufters in sequence. The
first one reads from channgland delivers at channgl The second one reads frahand sends t8.
The subsequent (non-linear) equation defines a system asuthkel composition of both processes
where they pass the value on via charthel

proc Plg(nZN, bB) = Zm:N b—r (m)-Plg(m, ﬁb)
+ —b — SQ(TL)-Plg(?’L, ﬁb);

Pos(n:N,b:B) =3 b — r2(m)-Pag(m, —b)
+ —b — s3(n)-Paz(n, b);

System = Virsseot Tiralss—es} (P12(0, true) || Pas(0, true)));

The processSystem behaves exactly the same as the prod@ss0, true, 0, true) defined by the
following LPS that has been derived from the three equatidmmye:

proc Plg(nliN, bliEg, TLQZN, bg:B) = Zm:N by — (m)-P13(m, ﬁbl, no, bg)
+ (=b1 A bz) — ca(n1)-Pi3(n1, ~b1,n1, —b2)
+ —by — s3(n2)-Pi3(n1, by, na, —b2);

Exercise 3.4 Give an LPS that is behaviourally equivalent to the prodestefined byP = a-b-c-P.

Exercise 3.5Give an LPS that is behaviourally equivalentto the pro¢edefined byP = a-(P+Q)
and@ = b-Q.

Exercise 3.6 Consider the procesB = a;-as-a3-a4-a5-ag-a7-ag-ag-a1g-P. HOw many summands
does an LPS with the same behaviour as

V{al7‘127‘137‘147‘157‘167‘177‘18;GQ,U«]O}(P ” P H P ” P ” P H p ” P H p ” P ” P)

have? How many states does this process have?

4 mCRL2 toolset

We introduce the tools found in the current distribution loé tnCRL2 toolset. For each tool we
sketch how it can be used and what for. Tool names are typeset iet ype as are command line
options to tools.

Many tools in the mCRL2 toolset offer a variety of optionstthan be used to change the be-
haviour of such a tool. In general the hel p command line option can be used to view a compact
description of available options.
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4.1 Linearisation

As depicted in Figure 1 on page 2, analysis starts with a maitckeystem expressed in the mCRL2
language. The next step is to generate an LPS for the modislisTaccomplished by using the tool
ncrl 221 ps. Italso provides a number of useful options that may proedulsiuring the case study

later on.

4.2 LPS manipulation

The following tools can be used to manipulate LPSs:

| psi nf o: print basic information about an LPS;

| pspp: pretty printan LPS;

| psconst el m eliminate process parameters which are constant in tlebhadwde state space;

| pspar el m eliminate unused parameters from an LPS;

| psdat ael m remove unused parts of the data specification of an LPS;

| psr ewr ; evaluate conditions through rewriting and remove unusedretives.

Most of these tools perform either transformation or cosigr operations except fbpsi nf o and
| pspp. The other tools are useful for simplifying LPSs, which cavéra substantial effect on the
final size of the state space, or the time/space needed feratem.

To get some more feeling for the kind of transformations thase tools perform consider the
following example.

Example 4.1 Consider the following LPS:

act a;
c:B;
proc  P(b:B,x:N,y:N, 2:N) = a-P(false, 0,0,y + 2)
+ (y # 2V —b) — c(b)-P(true,y,y,y + z + 1);
init P(false,0,0,0);

The tooll pspar el meliminates process parametemwhile | psconst el malso eliminateg.

4.3 Simulation

Using simulation a model can be explored without generatiegstate space. It is used to get more
intuition about the possible behaviour of the model undeautsty. Using the interactive simulation
toolssi m(command line) anatsi m(GUI), a user can explore a model (expressed as an LPS) by
manually performing individual (multi)actions. After actaon is performed the simulator shows a
representation of the new state (a state vector), and timadhat are possible from this state.

A trace is a single run through the system, in this case efplispecified by the user. The
simulator can load and store traces at any time. Traces gertant because they can show presence
of behaviour and as such can be used as a proof or counter &xarhge toolt r acepp can be used
to pretty print traces.
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4.4 State space generation

To generate a state space from an LPS theltpasl2] t s can be used. The state space contains the
behaviour of a model. It can be stored in two different fileniats: SVC and Aldebaran (AUT). The
Aldebaran format uses plain text which may result in largesfilSVC files are more compressed but
they require more time to generate. To use the visualisatiols introduced in the next section the
SVC format should be used.

The tooll t sconvert can be used to convert between different formats of LTSes tobl
I t sm n can be used to minimise the state space modulo (branchisig)udation equivalence.

4.5 Visualisation

Visualisation of a state space can help to provide insightadel behaviour. For instance, it can be
used to trace errors in the specification of a model. But italaa provide means to gain insight into
thestructureof the behaviour and to identiffymmetries

A number of visualisation tools are available for use. Theststraightforward visualisation of
a state space is a direct visualisation as a labelled dideptgpoh. The tool t sconvert with the
- 0 dot option can be used for this purpose. Other available visatitin tools aré&Noodl eVi ew
(based on thé&t at eVi s tool [13]) andFSMWiI ew [16], for 2D and 3D visualisation respectively.
These tools use clustering techniques, which allows theme tosed effectively on large state spaces.
Both tools operate on state spaces in FSM format, which casbtened from an SVC file using
| tsconvert.

4.6 Tool overview

Table 7 is included for easy reference of what tools are alsbgl

Name Description

ncrl 221 ps generate an LPS of an mCRL2 specification

| psi nfo print some basic information about an LPS

| pspp pretty print an LPS

| psconstel m remove constant process parameters from an LPS
| psparel m remove unused process parameters from an LPS

| psdat ael m remove unnecessary parts of the data specification of an|LPS
| psrewr remove unused alternatives in conditions of an LPS
sim/xsim manually explore the behaviour of an LPS
tracepp pretty print a trace

[ ps2lts generate the state space for an LPS

It sconvert convertan LTS to a different format

[tsmn minimise an LTS

Noodl eVi ewFSMWi ew | visualise a state space through clustering in 2D/3D

Table 7: Quick reference of tools and their functionality

5 Case study

At ASML, the world leading wafer stepper manufacturer sitabin Veldhoven (near Eindhoven), a
new generation of wafer steppers is currently under constmi. Wafers are being used to produce
integrated circuits (ICs). Transistors and other comptsare etched onto a wafer using a mask and
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a light beam. The components on ICs become increasinglylemahis leads to the need for light
with a higher frequency, i.e. in the ultraviolet bandwidBut as the atmosphere absorbs ultraviolet
light, the whole process must take place in vacuum.

LO

o)

L1

s )

L2

ng

L3

Y

Figure 5: Layout of the wafer stepper

In Figure 5 a layout of a wafer stepper is shown. Fresh wafetsréhe system via the tray (T).
They must travel to one of the load locks (LO-3) that have aaciyp of one wafer each. The load
locks form the bridge between atmospherical pressuredri{siay-side) and the vacuum inside the
system. There they wait to be transported by a robot (R0-GhdRRO transports wafers from and to
locks LO and L1, R1 does the same for locks L2 and L3. Both mhave two arms A and B that can
pick up and hold a single wafer each. The arms are mounted posip sides of the robot such that
arm A faces the locks when arm B faces a wafer stage (WSO0-1yiaadrersa. To transport wafers a
robot just turns around its axis. At wafer stage WSO a wafereésisured. Once it has been measured
a wafer is exposed at wafer stage WS1, after which the wafieraidy. Both wafer stages can only
accommodate a single wafer and wafers are moved by simolsheswapping the contents of WSO
and WS1. Finally, if a wafer is ready, it leaves the systemthveasame path through one of the load
locks back to the tray.

Exercise 5.1 Show that the system without scheduling constraints cost@¢adlocks.

By limiting the amount of wafers that can be in certain paftdhe system it is possible to remove
deadlocks. For instance, the number of fresh wafers thatadack at the same time can be limited
to three. Note that this particular constraint does not nemdeadlocks.

Exercise 5.2 Add appropriate constraints that prevent from deadloclsti#ttallow all fresh wafers
that are initially on the tray to be exposed and leave theegyst
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A Formal syntax

The following describes the formal syntax of the mCRL2 laagg. It is given in a rich text format
for readability. In Appendix B a translation of rich text téap text is given, which is needed for
using the toolset. In both formats/asign indicates the beginning of a comment that extendseto th
end of the line.

In the following, b stands for a sort namg, for a function namey for a data variable name,
a for an action name an for a process variable name. They are all strings matchiag#ttern
“la—z][a—z_-0—9]%". N stands for a number that matches the pattéiit—9][0—9]*". Suggestive
dots ¢.., - - -) are used to indicate repeating patterns with one or moraroeece. Furthermord,
distinguishes alternatives (not to be mistaken with thesyperator)), (pattern)t indicates one or
more occurrences ghattern, and (pattern)™ indicates zero or more occurrencesafitern. As
opposed to real EBNF, we do not use quotes to separate the#dsrfrom the non-terminals.

Sort expressions.

s u=b|ls—s|B|N"|N|Z|R2C|struct scs|---|scs | List(s) | Set(s) | Bag(s)
scs = [ | f(spj,evesspi) | f26 1 (spgs ey spf)?f
spj =8| sXere Xs—s|fis|fisxere X508

Herescs andspj stand for the constructors and the projection functionssifactured sort.
Declarations:

sd n=blb=s

fd = f.. f:s

vd = X,...,T:S

ed n=d=d|c—d=d
ad n=ala:sx.+- X5

pvd 2= P | P(vd,...,vd)

Here, sd stands for sort declaratioffij for function declarationyd for data variable declaratiorn
for equation declaratiorud for action declarationyvd for process variable declaratiosfor a data
expression and for a data expression of sdt

Data expressions

s=x| fld..d)|dld) | N|=d| —d|d|#d|d & d

e |} o} [ {d: dend i} | {5 | d}

| )\vd,. . .,vdd | Vvd ,vdd | Evd, vdd | dwhr z = d7 cee, L = d end
® :*||ﬂ|d1v|mod|+|—|U|4+|<1|>

<<l >lzlclclel=[#&|A]V]=

The unary operators have the highest priority, followed Iy infix operatorsp, followed by A,
v and 3, followed by whr end. The descending order of precedence of the infix operators is
{*,,N}{divvmod},{+,—, U}, +,<,>,{<, <, > > C,C, e}, {~,%},{A,V},=. Ofthese
operatorss, ., N, div, mod, +, —, U and + associate to the left ard, %, A, V and=- associate to
the right.

Process expressiops

p w=ald|7|p+plp-p|Plplplpiplple
| v{ as,...,as}(p) | a{a,...,a}(p) | T{a,...,a}(p) | P{ ar,...,ar}(p) | F{ ac,...,ac}(p)
| a(d,...,d)| P(d,...,d)|c—pop|c—p]| Zvd“mvdp|p<t

as = al---|a
ar i=a—a
ac 2= alas | alas — a
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Here,c andt stand for data expressions of s@rtand R=°, respectively. as represents an action
sequencegr an action renaming, angk an action communication. The descending order of prece-
dence of the operators i<, -, —, { ||, | }, >_, +. Of these operators, ||, ||, - and| associate to the
right.

Specification elements:

spec_elt ::= sort (sd; )t
| cons (fd;)*
| map (fd;)*+
| var (vd;)t eqn (ed;)t
| eqn (ed; )*
| act (ad;)T
| proc (pvd = p;)*

Specification:

spec ::= (spec_elt)* init p; (spec_elt)*
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B Table of mCRL2 symbols

In the toolset, a plain text format is used as opposed to theteixt format of section 2. A mapping
from rich text to plain text symbols is provided in Table 8.

Symbol Rich Pl ai n

arrow — ->

Cross X #

diamond o <>

standard sorts B, Nt N,Z, R Bool ,Pos,Nat ,I nt ,Ti ne
equality and inequality =, % =l=

logical operators - A, V, = 1, &&| | =>

relational numeric operators <, > <=>=

relational set operators e,C,C in<=<

set operators -, U, b+ *

list operators >, dq, | ><| ++

lambda abstraction Az:sd | anbda x:s.d
universal quantification Vesd forall x:s.d
existential quantification J,.sd exists x:s.d
deadlock 1) delta

internal action T tau

left merge Il []_

at ¢ @

sum DowisD sumx:s.p

allow Viapy(®) al l om {a] b}, p)
block 9¢a1(p) bl ock({a}, p)

hide Tra}(P) hi de({a}, p)

rename Pfa—b}(P) renane({a -> b}, p)
communication [iajp—ecy(p) comm({alb -> c},p)

Table 8: Mapping from rich to plain text
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C Axioms

In Table 9 all axioms for (untimed) mMCRL2 are given. Table d@tains the auxiliary functions used
in these axioms.

MA2' a|T =« CM1 zlly=zlly+ylz+zly
MA3’ «a|B = Bla CM2 as|lz=a5 =
MAZ ol (Bly) = (a]8) 7 M3 as-zy=as- (@ ]v)
CM4 (z+y)llz=zlz+yl =
Al z4+y=y+z CM5 (a5 -x)|Bs = as|Bs - @
A2 x+(y+z):(x+y)+z CM6 a5|(65~x):a5|65~x
A3 riv=ao CM7 (s 2)[(Bs ) = o185 - (2 1| )
Ad (z+4vy)-z=x-2+4+y- -z CM8 (z+y)|z==z|z+y|z
A5 (z-y)-z=x-(y-2) CM9  z|(y+z2)=z|ly+ x|z
A6 z+d==
A7 S-xz=46 CD1 flas =46

CD2 aglé=34
T1 r-T==x
T2 z-(t-(y+2)ty) =z (y+=2)

VD Vy(8) =35 DD Au(s) =4
V1 Vy(a)=a if play) € (VU{r})y D1 om(a) =a if plag)NH =10
V2 Vy(a)=4¢ if plapy) ¢ (VU{r}),y D2 O (a) =6 if plapg)NHF#D

V3 Vy(z+y)=Vv(z)+ Vv (y) D3 Om(z+vy) =0mu(z)+0u(y)
V4 Vy(z-y)=Vy() Vv(y) D4 Ou(z-y)=0u(x) Ou(y)
V6 Vv(Xap®)=2ap Vv(z) D6 Ou(> q.p®) = > 4.p Ou (@)
RD pgr(6) =946 TID T1(8) =46
Rl pr(a) =Re« TI1 T1(a) = 01 ()
R3  pr(z+y) = pr() + pr(Y) T3 7(z+y) =7(x) +71(Y)
R4 pr(z-y) =pr(®) pr(Y) TiA 7(z-y) =71(z)  71(Y)
R6  pr(>4p®) =>4prr(@) TI6 T1(XCa.pT) =2 4.p T1(2)
GD T¢(d) =94 SUM1 Zd:Dr:m
Gl Tcla)=c(agy) SUM3 >, p X(d) =>4 p X(d) + X(e)withe € D
G3 Tc(z+y)=Te() +To) SUMA 500 (X(d) + V() = Sy X(d) + X V()
G4 Te(z-y)=Tc(z) Tely) SUM5 (3, pX(d) 2= ,pX(d) x
G6 To(Xap®)=2aplcl@) SUM6 (3_4.p X(d) Lz =3"4.p X(d) L=
SUM7 (34 p X(d) |z =3 4. p X(d)|
Cl true —zoy ==z SUM7" z| (34 p X(d) = > 4.p x| X(d)
C2 false mzoy =y SUM11>",. 5, X(d) =>4 p Y (d),
C3 c¢c—oxz=c—ox0d if X(d)=Y(d)foralld € D

Table 9: Axioms for (untimed) mCRL2
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0r(7)

0r(al. .)
0r(al. )
O1(a(...)|e)
0r(al. )
RerT
Rea(...)
Rea(...)|a
(aol. - -lan)q)
{0,y an}y
{ag — co,...,0tn — C”}()
O

(ao, - .. ,an)‘
w({)
p(a(...)y um)
Yo (mun)

Yo (mUun)

ye (m)

-

T ifael

a(...) ifagl

9[(0!) ifael

a(...)|0r(e) ifagl

-

R(a)(.-.)

R(a)(..)|(Rea)

(ag,...;an) \ {7} (Note: (a, 7, 7) \ {7} = (a))

{aogy, .- ang}

{ao(y = coy---yan(y — cn}

-

aol...lan

0

(a) U p(m)

Yo (m) U {c(dy,...,dn)) if p(n) —c € C( and the data
parameters of all actions im have
the same data arguments, . . ., d,,

Yo (m) if p(n) € C and the data
parameters of all actions im have
the same data arguments, . . ., d,,

m if there is no suchm

Table 10: Auxiliary functions for the axioms
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